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HIGHER WHITEHEAD PRODUCTS 
By K. A. HARDIE (Rondebosch, S.A.) 


[Received 18 March 1960.—Revised 25 March 1961] 


1. Introduction 

Let & = (,X,.X,...,;X) be an ordered set of Hausdorff topological 
spaces. We denote all base-points by * and assume that the base-point 
of any topological product is the point whose coordinates are all base- 
points. Let a; € 7,(;X,*) (r; > 1; 1 = 1, 2,...,j) be elements and let 
r=>r, If j= 2 and ,X = ,X = X, the classical Whitehead pro- 
duct [a,,a,] is an element of 7,_,(X). If j > 2, an exterior Whitehead 
product can readily be defined. Let [] 2 be the topological product 
Xx XX... ;X and let []’ % be the subset whose points have at least 
one coordinate at a base-point. Then the exterior Whitehead product 
{or1, Og,-+-, aj} we define below to be a certain element of z,_,([]° 2, *). 
There appears to be no entirely satisfactory definition of interior pro- 
ducts ifj > 2. Let SY be the ordered set (S", S",..., 8") and let «,, E7,,(S8”) 
be the class of the identity map. Then, if 


X= X=..=,X=f, 


d 
one possibility is to define 
[oxy, O%g5---, A] © mp_4(X, *) 
to be the set of elements /,{¢,,, ¢,,,---, ¢,,} for all possible maps 
f: TT F,*—>X,* 

whose restriction to the ‘subset’ S" of [[’/ is a representative of 
x; (i = 1, 2,...,7). If 7 = 3, we obtain the construction due to E. C. 
Zeeman [see (2)]. However, if 7 > 2, [a , a,...,a,;]’ may be empty, and, 
if] > 3, the modulus of the construction has yet to be determined. 

An alternative procedure is to embed X in the subspace X;_, of the 
reduced product space X,, of X [see (5)]. Then a preferred map 
f: T[ Y > X;_, can always be defined. Somewhat more generally con- 
sider the case ,X = X,,, (i = 1, 2,...,j): let m’ = } m,, m = m'—min(m,) 
and let f: []’ 2 > X,, be the map which agrees with the natural map 
p: [| 2 + X,, [see (5) 176]. We describe 


[oxy Wgsevey Oj] = fig {OX greeny Xj} © Mp_a(X m, *) (1.1) 


Quart. J. Math. Oxford (2), 12 (1961), 241-9. 
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as the inner Whitehead product of a, ag,..., a; If 7 = 2 and m, = my 
then we recover the classical Whitehead product. 

Let X = A be a CW-complex with but one 0-cell, namely *, and let 
8A be the (reduced) suspension of A. In (4) we considered a generaliza- 
tion of the Hopf construction which associates with a based map 
F:[[ ¥ > A, an element c(F) € 7,,,(8A). Here c(¥’) was shown to pos- 
sess certain properties when F is a map strongly of type (a, a,..., «,;)™~1. 
We recall that this means (in effect) that F([] 7) < A,,_, and that 
F agrees on [| / with a map 


F’ = p(f, xfox...Xfj): TTS > Am (1.2) 
where f;: S", * > A,,,, * represents a; € 7,,(A,,,) (i = 1, 2,...,j). It is an 
easy consequence of the definitions that the injection of [«,, a,..., «;] 
in 77,.;(A,--1) is the obstruction to the existence of a map strongly of 
type (a4, ag,..., 0)”. 

If a, = a,=... =a, =a, we denote [a,02,...,0;] by [a}. Let 
Nn € Tn+1(S") (n > 2) be generators. We shall prove the theorem: 

THEOREM 1.3. (a) If n > 1 and if j 4 2 when n is odd, then [1,) is 
an element of infinite order. 

(b) [2 © 3 © May tas 4g, te] = 0 € 77y9(S3). 

(c) If p is an odd prime and B,, = [tn [tn ]?~*] € tpn-2(Sp-2), then 

(i) B, = 90 and (ii) form > 1, B,,, 18 of order p. 
(1.3) (6) implies the existence of a map F strongly of type 
(12 NO Nas a by tg)*. 

From 1.9 and 1.10 of (4) we obtain immediately the corollary: 

CoroLuaRy 1.4. c(¥’) is a non-zero element of 7(S*). The (James) 
reduced product filtration of c(F) is 4. 

Now let F be a map strongly of type (cs, [t.]?-1)?-*. We shall prove 
the theorem: 

THEOREM 1.5. c(F’) is an element of order p in 7»,(S*). 


In § 2 I mention a number of elementary properties of the higher 
products including a result which in a special case reduces to the 
familiar Jacobi identity. 


2. Elementary properties 


Let V" and S" denote the n-element and n-sphere as represented in 
(6). We shall assume that orientations for V", S" and products of 
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HIGHER WHITEHEAD PRODUCTS 243 
spheres have been chosen as in (6). Let 
p: V', S4,4> TF, TT SF, * 
be an orientation-preserving characteristic map for the r-cell of [] # 
and let |: SA, e+] S, * 


be the map which agrees with y. Let g;: S", * > ,X, * be a representa- 
tive of a; € 7,(,X) (¢ = 1, 2,...,9), and let g: TJ’ SY > [| % be the map 
which agrees with the product map g, Xg_.X...Xg;; [| >|] %. We 


define . 
{oty, Masons Xi} = Pull} € 7, a(T] %, *). (2.1) 


The exterior Whitehead product possesses an obvious naturality pro- 
perty. We also observe that, if 


d: = ([[ %, 1] 2, *)>7,4(1T %, *) 


is the homotopy boundary homomorphism and if x is the product 
defined in § 5 of (1), then we have the theorem: 


THEOREM 2.2. If r; > 2 (t = 1, 2,...,9), then 
{oy, Mayerey a;} = d((...((a * My) * 3) * ial * a;). 


Commutation rules and j-linearity (in the case r; > 2 (t = 1, 2,...,9)) 
follow from the corresponding properties of the x product. Somewhat 
less obvious is the following relation for 7 > 3. Let %; be the ordered 
set 2—(,X), let []° 2 < JT] & be the subset whose points have at 
least two coordinates at base-points and let 


0;: Tn(:X) — m(11" 2), Pi: 7 (TT %,) _ aALT 2) 


be the homomorphisms induced by the canonical injections. We have 
the theorem: 


THEOREM 2.3. Let y(t) = r(rytret...tr)t+l (ry > 234 = 1, 2,...,J), 
then 


F] ee 
2\- 1) "OLB; cg, Pifzs-oes Meas Mpzayeees O}] = OE 7,21 2). 


By applying the boundary operator to the formula of Nakaoka and 
Toda [(9) 5] and using 3.5 of (1) we obtain the result for the case of 
the universal example. 

Let E denote the suspension homomorphism and let 


8; m,-(S) (i = 1,2,...,)). 
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The proof of G. W. Whitehead’s identity 3.59 of (13) can obviously be 
extended to yield 
{oy ° E6,, Xo ° EK6,,...; Oa; ° E5;} = {o, Agyeee, o;} ° 3, ok 3. * ... * 5;. 
(2.4) 

The corresponding relations satisfied by the inner products are easily 
obtained. For example we have the commutation rule 

[ory egy any Og ay Og tgs Megs Up payeney Oy] = (—1)é+1[ ax, g,..., 05], (2.5) 


and, if r; > 2 (i = 1,2....,9), the identity 


Me 


(bile [oxy y-e0y Mg ys Ug pgyeeey Oy] = OE 7,_o(Xp-), (2.6) 


where m” = > m;—min(m;+m,) (¢ #k) and where ¢,; denotes the 
appropriate injection homomorphism. Let h: X ~ Y be a based map 
and let h,,: X,.>Y,, map termwise by h [see (5) 172]. Then, if for 
each n > 0 we denote by h,: 7,(X,) > 7,(Y,,) the homomorphisms in- 
duced by maps which agree with h,., we have 


1 


= il 


hz[oy, %g,..-, Xj] = [hy a4, hy og,..., hy 5]. (2.7) 
Finally we remark that (2.4) yields 
[a 0 H8,, a, 0 Hbq,..., x; 0 Hd;] = [oy, ag,..., xj] 0 5; # 5g # ...  5;. 
(2.8) 
3. Computations 
We require some additional notation. Let r be an integer and let 
rh: S%, St_1 > SZ, * 
be the combinatorial extension of a map S? > S*™ which shrinks S?_, 
and is of degree one on the rn-cell [see (5)]. Let 
Jv: S&_1, St_,1 > 8, & 
be the map which agrees with ,h. We shall also denote by ,h, ,h’ the 
homomorphisms 
a(S%, St_) > 7(S2), m4(S3,—1, St_y) > 7,(S™) 
which they induce. Let ¢: 7,(S%) > 7;,,(S"*") be the canonical iso- 
morphism of (5). We recall that the Hopf—James invariants 
H,: 1(S"*) > 2,( 8+) 
are the homomorphisms H, = ¢ ,h¢d-. 


Let X be a space. Then sX the (reduced) suspension of X is the 
space obtained from X x J by shrinking the subset 


X x ((0) U (1)) U (&) x T 
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to *. If f: X + Y is a based map, let s(f): sX + sY be the map such 
om s(f u(x,t) = v( fx, t), 


where x € X, te J, and v denotes the suspension identification. Let Q 
be the space of loops on S”+! and let ¢,: 8%, >Q be a canonical map 


[see (5)]. Let pb: 38", > Sn (3.1) 
be the map such that yr(zx,t) = ¢, a(t), where x € 8%, te I. 


Proof of Theorem 1.3 (a). Suppose that n > 1, 7 # 2 if n is odd, and 
that k[.,,’ = 0. Then the j-linearity implies the existence of a map F 
strongly of type (kt,,t,,---,t,))-? and ¢(F) € mj_4,(S"*1). By (1.10) of 


(4), H;c(F) = k;,,,. Thus c(F) is an element of infinite order, contra- 


dicting the result given by J.-P. Serre. If n = 1, the argument fails, 
for we no longer have j-linearity. 
Proof of Theorem 1.3(b). Let 
B = [Ne © M3 © Ma» tas tas 42] E 7749(55). 
Applying (2.8) we have 
B = [125 "2s ta, te] © Ng © Nos 
so that 28 = 0. Since 79(S*) == Z,;, the exactness of the sequence 


; 4 
—> 7149(S?) aa 7 19(S3) home 7 19(S3, S?) —~> 2,(S?) > 
implies that it will be sufficient to prove that 78 = 0. By (1.2) of (3), 
gh’: 7;(S§%, S?) > 2,(S*) 
is a @,-isomorphism, so that it will be sufficient to prove that ,h'j8 = 0. 
We have rf ; 
eT 2’JL Nay a» tas tg] € 74(S*) & Z,+Zy, 


generated by 7,0 v,; and v4, 0 7, [see (10)]. Here v, denotes the Hopf 
element and v;, vg, etc., its successive suspensions. Now E(v, 0 n,) 4 0 
and thus 


oh’) Nes tes “a, tg] = (gh’)al ne, to, 42 42] A v4 © 17, 
s2—"> 82, 
for, if in the diagram | \a 
si, ge 


k and k’ are injection maps, then [7p, tg, tg, tg] belongs to the kernel of k, 
while (k’), is equivalent to HZ. If 


gh'j[ Ne, lg, bg, tg] = 9, 
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then 1.3(6) is proved. Suppose that 
ah 'j[ Nas 42; 4a, ta] = Ng O V5. 
Then gh’jB = E(n3 0 v4 0 97 0 ng) = 0 
since Nz O V4 O Nz O Ng E 774(S*) Zz. 
Proof of Theorem 1.3 (c) (i). Let 

gf: V2, ~~ @.,, B., 

be a characteristic map for the 2(p—1)-cell of S?_, and let 
g: S*%?-3-» §3_, 


agree with g’. Then {g} = [.,]?-1 and, if u: S? > S%, is the injection and 
[H+ , {9'}]” is the Blakers-Massey Whitehead product, we have 
Up ta» {9'}]" = +Be 
by (3.5) of (1), where d is the boundary homomorphism in the exact 
sequence 
, , 4 
= 71,( SF _ >) tt m,(S5 1) + m,(S3_1, S32) “lr t,-1(Sp-2) > 
It will be sufficient to prove that 
[ota {9'}]" © jrep—1(S5-1)- 

By (5.8)” of (11) we have a direct sum decomposition 

Tep-1(S3_1, S? _») ~ (9') « 7ap—1(V?-, S*P-3) + [74(S3_,), {g'31’. (3.2) 
Let « € 77,,(S*) be an element of order p. By (1.3) of (7) there exists an 
element y € 72,-,(S2_,) such that jy #0 and such that a = ¢k,y, 


where k: S2_, > S%, is the injection. Then the order of y is either in- 
finite or a multiple of p. Since 


map-1(V2P-2, S*-*) £ myy_9(S*-*) = Ze 
and [77,(S2_.), {g'}]" is cyclic, (3.2) implies that 
By = m[p Ye {9'}]’ 

for some integer m. Furthermore, by (5.9)” of (11), 

jl!” = plese, {9'}]"- 
It follows that m is prime to p, for, if m = gp, then 

j(2y—Q4e}”) = 9, 

which implies that 2y—-gltg]}” € iz,(S2_ 2), 
and hence that $k, (2y—q[tg]”) = 2ky y = 2a 
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has filtration p—2 contradicting (1.3) of (7). We may deduce that 
[Hx te, {g’}]” € jt ep-1(S3-3); 
which completes the proof. 


Proof of Theorem 1.3(c) (ii). The case p = 3 of the following argu- 
ment is due to Nakaoka and Toda (9). Let » be even. By (2.6) with 


j = PD, % = A = ... = & = ty, or by applying the boundary operator 


o (5.9)” of (11), we have p8, = 0. It remains to prove that B,,, # 0 
ifm > 2. Let g': Vur-D, Snv-D-1_, gm _,, gn, 
be a characteristic map for the n(p—1)-cell of S$_, and let 
g: Sm-)-1 -, §r_, 
agree with g’. Suppose that 8, = 0. Then there exists a map 
F: 8" x S»-b-1 _, §r 
strongly of type (:,,[«,]?-1)?-* such that F(*,x) = gx if xe S™P--1, 
It follows that there exists a map 
f’: 8S" x SP@-D-1 UV (%) x Vr@-) > SB_1 
which agrees with F and is such that f'(*,2) = g’a ifxe V™?-), Let 
K = S8%_,U &", where &?” is the pn-cell of S"x V"®-» attached by 
the map 
f: S"~x Vr@-b, S"™x Sp-))-1 y (*) x Vro@-)), S"~x Sr-)-1 
—> K, St_;, Sh_1, 
which agrees with f’. Let e,¢ H'(K) (i = 1,2,...,p) be generators 
such that the j-fold cup product 
(e,) = jie, (l<j <p-1) 

[see (2.4) of (11)]. Let d,_,, d, be generators of 

H"®-\(K, Sh_), H?"(K, S5_+) 
respectively and let f* denote the various cohomology and relative 
cohomology homomorphisms induced by f. Then f*e,, f*d,_,, f*d, 
generate 

HS" x Vre-)), Hre-( sr x Vro-d, S"~x S™-)-1) 

HP 8" x Vr@-), 8" x SP-)-1) 

respectively, so that 
f*e,.f*dy. = tf*d,, 
the full point denoting the relative cup product. Since 
f*: H?"(K, S$_,) > H™(S* x Vrew-», 8" x Sr@-)-) 
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is an isomorphism, we have e,.d,_, = +d, and hence ¢,.e,_, = +ép. 
Therefore 
(€,)? = e,.(€,)?-? = (p—1)!e,.e,_, = +(p—l)!e, =+6, (mod p) 
by Wilson’s theorem. It follows that the Steenrod pth power 
Pre, = (e,)” # 0. 
Let Y = S"+1U &»"+1, where &?"+1 is the (pn+1) cell of sK attached 
7 are yi’: 8K, 8(St_,) > Y, Sn 


which agrees on s(S"_,) with the map ¢ of (3.1). By the naturality of 
the reduced power operations and the fact that they commute with 
suspension we have an isomorphism 

Pr: A+, Z, ») —e Hen+y, Z,)- 
Hence by Lemma 2.1 of (12) the mod p Hopf invariant homomorphism 
is non-trivial [see (12) 144]. Since by Theorem 5 of (8) this is only 
the case if n = 2, we have the required contradiction. 

Proof of Theorem 1.5. Let n = 2. Then the construction in the proof 
of (1.3) (c) (ii) is possible and the (2p+1)-cell of Y = S*U &?+1 is at- 
tached by a map whose class «a € 72,(S*) is of order p. We shall prove 
that « = +c(F). Let Q be the space 

S? x S2P-3 U (x) x V2P-2 


and let y €7,,_,(Q) be the class of the attaching map of the 2p-cell 
of S?x V#»-?, Then 


a= (We EP ay = H')e (8) x By. (3.3) 
Consider the commutative diagram 


3 a oF) ¢ 
W = S3v S%-2y 92 <— 9(S2x $2-3) "> 62, > 93 


le b  kA 
9’ ‘ 

R= Sv V»-1y §% « eas. Lees ae (3.4) 
where @ is the homotopy equivalence of (1.5) of (4), where 6’ agrees 
with 6 and maps the interior of the (2p—1) cell homeomorphically, and 
where k, k’, and k” are injections. Let «€ 7,,(W) be the class of the 
injection map S?? + W. Then we recall [(4) (1.6)] that 


(F) = $4(8(F)) (84). (3.5) 





Since 0’ is also a homotopy equivalence, in view of (3.3), (3.5), and the 
commutativity of the corresponding diagram of induced homomor- 
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phisms it will be sufficient to prove that 


(k")ee = £(0’), By. 


We have 79(R) & 72,(S*)+-72,(S"), 


the direct summands being embedded by injections; (k”),« generates 
the summand 7,,,(S%). Let 5, be the component of (4’), Hy in 7,(S*). 
Then, if 7: Q > S? is the projection, 5, = (s(7)), Hy by the definition 
of 6’. But we have 7, y = 0 since 7 may be extended to the projection 
S?x V2»-2  S8®, and therefore 5, = 0. Let 5, be the component of 
(0), Hy in 7,(S*”). Then 8, = X,, for some integer A ¢ 0, for other- 
wise s(S? x V2-2) would have the homotopy type of S*v S?? v S*#+1, 
which it has not. Further we assert that A = +1, for otherwise the 
homology groups of s(S*x V??-?) would have torsion elements. This 


mpletes the proof of Theorem 1.5. 
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ON THE RATE OF CONVERGENCE TO THE 
CONNECTIVE CONSTANT OF THE 
HYPERCUBICAL LATTICE 


By J. M. HAMMERSLEY (Ozford) 


[Received 15 December 1960] 


Statement and discussion of results 

THE hypercubical lattice consists of all points with (positive, negative, 
or zero) integer coordinates in d-dimensional euclidean space, where d 
is fixed and d > 2. Throughout this paper, the term point will mean 
a point of the hypercubical lattice; and we shall write (a, b,...,z) with or 
without suffixes for the coordinates of such a point. An n-stepped self- 
avoiding walk is an ordered sequence of n+1 mutually distinct points 
such that any two successive points of the sequence are unit distance 
apart. We write S,(A) for an n-stepped self-avoiding walk with A as 
its first point. Because of the homogeneity of the hypercubical lattice, 
the number of distinct S,(A) with a fixed A is independent of A, and 
will be denoted by f(n). The function «(n) is defined by 


fn) = ena, (i) 
It is a particular case of results proved elsewhere (1) that 
K(n)>K as N>O, (2) 


where the constant « depends only on d and is called the connective 
constant of the hypercubical lattice. The function f(n) appears in 
various branches of applied mathematics, for instance in problems 
connected with long-chain polymers, with percolation, with ferro- 
magnetism, and with impurities in crystalline solids; and these applica- 
tions have been hampered by lack of pure-mathematical knowledge of 
the properties of f(n). The case d = 3 is the most important one. 
In this paper I shall improve (2) by showing that 


2d 
= — os ; 
0 <e(n)—« < Gg lowtdn(n+1)} (3) 
This result is presumably capable of considerable further improvement 
though I do not know how to effect this. Probably «(n)—« behaves 


like a multiple of n-!logn as noo. This behaviour is a simple 


Quart. J. Math. Oxford (2), 12 (1961), 250-6. 
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consequence of the conjecture that the ratio f(n)/f(n—1) can be repre- 
sented as one or other of two asymptotic series in 1/n according as n 
is even or odd. The empirical support for this conjecture is impressively 
good (6). Alternatively the same behaviour for x(n)—« follows from 
the assumption (supported by certain heuristic arguments) that a 
similar pair of asymptotic series will represent the probability of initial 
ring closure (i.e. that a randomly chosen S,(A) passes through more 
than one nearest neighbour of A). The value of « is not known exactly; 
but the best estimates (4, 6) are that e« = 2-6390+.0-0005 when d = 2, 
while e* = 4-:152+0-003 when d = 3. The corresponding values of 
«(18)—K = 0-0652+0-0002 when d = 2, and of 
«(11)—« = 0-0811+0-0007 

when d = 3 are much less than the respective right-hand sides of (3), 
namely 6-1546 and 8-3383. 

The function f(n) has been tabulated by Sykes (3) for n < 18 when 
d = 2 and for » < 11 when d = 3. His results, which may suggest 
improvements in (3), are as follows: 


n f(n) (d = 2) f(n) (d = 3) 
l + 6 
2 12 30 
3 36 150 
4 100 726 
5 284 3534 
6 780 16926 
7 2172 81390 
s 5916 387966 
9 16268 1853886 
10 44100 8809878 
1] 120292 41933286 
12 324932 

13 881500 

14 2374444 

15 6416596 

16 17245332 

17 46466676 

18 124658732 


Sykes’s method is to write down a recurrence relation between the 
numbers of self-avoiding walks and the numbers of two other kinds of 
linear graphs, known on account of their shape as tadpoles and dumb- 
bells. For small values of n it is easier to count these latter graphs than 
to count the self-avoiding walks. But, for large values of n, his relation 
is of no assistance. Work now in progress with an electronic computer 
at the National Physical Laboratory in England is likely to extend the 
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foregoing table somewhat though it will not reach large values of n. 
O’Flaherty (7) has made rather similar calculations in America. About 
four years ago rumours reached England that an anonymous Russian 
mathematician had found a recurrence relation by which f(n) could be 
computed for arbitrarily large n; but nothing further has been heard 
of this. 

Thus, as the position now stands, there is (in contrast to the conven- 
tional type of enumerative problem on linear graphs) no known exact 
expression for f(n) from which an asymptotic approximation could be 
deduced. The only method so far available for handling f(n) has been 
the theory of subadditive functions, a method which starts from in- 
equalities rather than equations. A function ¢(n) is said to be sub- 
additive if it satisfies 

p(m+n) < o(m)+¢4(n); (4) 
and, according to the fundamental theorem [(2) Theorem 6.6.1] on 
such functions, (4) implies 


—o < inf n-'¢(n) = lim n-14(n) < +00. (5) 
n>0 n> 2 


When the central terms of (5) are finite and denoted by ¥%, (5) implies 
yn < d(n) = Yyn+o(n) as n>oo. (6) 


As we shall see presently, (6) provides an easy proof of (2), but in itself 
is unable to give a sharper result than (2) because it is possible to find 
subadditive functions for which the rate of convergence of ¢(n)/n to & 
is arbitrarily slow. For this reason there has seemed to be little hope 
of improving (2). The main interest of the present paper is accordingly 
less in the result (3) since it is presumably far from best-possible, and 
more in the technique which has now been found of surmounting this 
apparent impasse. In its essentials the technique is to combine the use 
of subadditive functions with superadditive functions, namely functions 
satisfying $*(m-+-n) > $*(m)+¢4*(n), (7) 
which implies 

b*n > $*(n) = b*n+0(n) as n> 00. (8) 
In fact, (8) is merely the result of writing 6* = —¢ and invoking (5). 
Now, if a function is both subadditive and superadditive, it must be 
a multiple of n. We cannot expect quite as much as this in the present 
problem because logf(n) is not a multiple of n. What we shall show, 
however, is that, while logf(n) is subadditive, it contains, as it were, 
a superadditive component; and, by playing off this superadditive 
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component against the subadditive whole, we can deduce that log f(n) 
differs from a linear function of n by an amount O(n“- log n). 

The great merit of subadditive functions in applied mathematics is 
that they can be used in problems which are so difficult that one can 
only write down inequalities instead of equations. The technique 
described in outline above offers the prospect of sharpening the analysis 
of a variety of such intractable problems. A somewhat similar use of 
the same idea occurs in the recent proof (5) of a well-known conjecture 
on the number of lattice polygons. 


Proof of results 

The number of distinct (m-+-n)-stepped walks, which start at a fixed 
point A and which are self-avoiding for their first m steps and for their 
last m steps (although the last » steps may intersect the first m steps), 
is f(m)f(n). These walks include all S,, (A). Hence 


f(m+n) <f(m)f(n), (9) 
which implies that logf(n) is subadditive. Since also 
1 <f(n) < (2d), (10) 


because each step can be Brey in at most 2d ways, we see that 
n— log f(n) is bounded; and (2) and the left-hand side of (3) follow at 
once from (5) and (6). 

Let A; = (a;,5;,...,2;), Where i = 0, 1,..., n, be the points of an S,,(Ag). 
If a, <a; <a, for i= 1, 2,..., m, we shall call the S,(A,) a special 
n-stepped self-avoiding walk and denote it by S%(A,). Let f*(n) denote 
the number of distinct S*(A,) for fixed Ay. Clearly 


1 <f*(n) <fi(n). (11) 
If we add an S*(A,,) to the end of an S*(A,), the result is an S*,,,(A9), 
so that f*(m-+n) > f*(m)f*(n). (12) 


Thus logf*(n) is a superadditive function of n, and n-'logf*(n) is 
bounded; and by (8) there exists a finite constant A such that 


en > f*(n) = +) as n> 00. (13) 
By (1), (2), (11), and (13), we obtain A < x, so that 
f*(n) < e. (14) 
Let A, be a fixed point, and let A; = (a,, b,,...,2;) (¢ = 0,1,...,”) be 
the points of an S,(A,). Let 


a= max a;, a’ = min 4, (15) 
0<icn O0<icn 
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and define §, f’,..., ¢, ¢’ similarly in terms of 0,,..., z;. Since all the 
points A, are distinct, we must have 


(a—a’ +1)(B—’ +1)...(C—C’ +1) > n+. (16) 
Let C denote the class of S,,(A,) which are such that firstly 
a—a’ +1 > nil (17) 


and secondly they visit the hyperplane a = «’ before they visit the 
hyperplane a = a. By symmetry and by (16), there are at least f(n)/2d 
distinct members in C. We now confine our attention to members of C, 
and write A, for the last point of S,(A,) belonging to the hyperplane 
a=a. Write A, for the last of those points of S,(A,) on the hyper- 
plane a = «’ which is such that o < p. Here, of course, the values of 
p and o depend upon the particular member of C under consideration. 


We have p—o > a—a’ > w—1, (18) 


and thus, because p and o are integers, 
p—o > [n"4], (19) 


where [n"/] is the integer part of n/4. Since A, and A, are distinct 
members of Aj, Aj,..., A, and o < p, the number of distinct pairs of 
values available for p and o is at most 4n(n+1). Hence we can find 
a subclass C* of C with a fixed pair of values p and o such that C* 
contains at least f(n)/dn(n+1) distinct members. We now confine 
attention to members of C*. 

From the definition of A, and A,, it follows that the portion of 
S,(Aq) from A, to A, is an S?_,(A,); and therefore, for prescribed A,, 
this portion can be constructed in at most 


f*(p—o) < eX (20) 


ways. Again, by the definition of A, and A,, if the last part of S,(A9) 
from A, to A, is translated bodily and added to the end of the first 
part of S,(A,) from A, to A,, the result will be an S,_,,,(Ay). The 
number of ways in which these two parts can be constructed is there- 


fore at most f(n—p-+o), (21) 


and, if the two parts are prescribed, then A, is consequently prescribed. 
Hence the number of members of C* is at most 


ex?-2)f (n—p-+-a), (22) 


by virtue of (20) and (21). To be precise, there is the possibility that 
n = p—o, so that the first and last parts of S,(A,) referred to above 
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are empty; but this possibility can be covered by the convention that 
f(0) = 1. We deduce from (22) that 


f(n)/dn(n+1) < eXP-%F(n—p+a). (23) 


Since p and a are fixed, we can regard p—o as a function of n only, say 
p—o = O(n). Then (19) and (23) give 


[nV4] < An) <n (24) 

and f(m} < dn(n+ ljeFfin—O(n)}. (25) 
Now let n, be a positive integer and write 

Nj, = N;—O(n,;) (j = 0,1, 2,...). (26) 


By (24), 6(n) is a positive integer if n is, and n—@(n) > 0. Hence there 
exists a positive integer J = J(n 9) such that 





ly > >... > ny = 0. (27) 
By (25), (26), and (27), 
Ff (15) J dng(Mg+ Les" F (05.44); (28) 
and hence, by repeated application of (28), 
f (1%) < {dng(mg+ 1)}X err, (29) 
The inequality J(n) < aa" (30) 


is trivially true for n = 1 since J(1) = 1. We shall establish the truth 
of (30) for all n by induction. For suppose that (30) holds for all n < vy, 
where v > 2. Then, by (24), 


J(v) = 1+-J{v—Av)} < 1474 _ 4 ayy) ye-204 





(d—1) 
2d 
<1 —fypl/a]}\a-n/a 
” - (d— 1) {v [v } 
2d ul [vl/4])(a—1ya 
— 14 _ fa-1/a) 1 _ ,a-1ya LY_ 
(@—1)” \ v ‘| 
2d ig Av4] aly 
- (4—1)/a__ —eqy-(é-1) 
= i+ aH" Ta f ey-(4-l/d al (31) 
for some « satisfying 0 <¢« <1. Hence 
2d jvv4] od 
J “eS. 2. d-1l)/d 
) <14+ 4" a < a" (32) 


and (32) shows that (30) is then true for all n < v+1. This completes 
the proof of (30). 
Thus (3) follows from (1), (29), and (30). The inequalities leading 
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from (25) to (3) could be sharpened a little at the expense of additional 
complications; but the net improvement in (3) would not be very great. 
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A MULTIDIMENSIONAL GENERALIZATION 
OF THE INVERSE SINE FUNCTION 


By H. RUBEN (New York and Sheffield) 


[Received 21 November 1960] 


1. Introduction and summary 

THE purpose of this paper is to bring to light a class of functions, the 
h-functions of equation (17), defined therein as integrals over unit 
hypercubes, which appear to constitute natural generalizations of the 
inverse sine function: in the particular case when the unit ‘cube’ is a 
square, the corresponding integral does, in fact, serve to define the 
latter function. The measure of a regular simplex in hyperspherical 
space may be expressed as a linear combination of such integrals. This 
representation is achieved in equation (16). In summary, equations 
(16) and (17) constitute the main results of this paper. 

The surprising simplicity of the integrals gives some grounds for hope 
of further progress in the difficult problem of evaluating the measures 
of regular hyperspherical simplices. It is hoped subsequently to extend 
the integrals to cover the case of arbitrary simplices in hyperspherical 
space.T 


2. Reduction of the measure of regular hyperspherical simplices 
to integrals over hypercubes 
Denote the (n—1)-dimensional normed measure of a simplex on the 
surface of an n-sphere with common dihedral angle @ by w,,(@), so that 
the u-function is related to the Schlafli F-function in (10) by 


u,(0) = = F,(46). 


+ For some previous work on this problem, in addition to Schlafli’s fundamental 
pioneering papers (10), (11), see Poincaré (5), Dehn (4), Coxeter (2), (3), Ruben 
(9), Rogers (6), van der Vaart (12), (13), and Béhm (1). In particular, van 
der Vaart has derived a formula for the measure of an (n—1)-dimensional 
spherical orthoscheme which beurs a superficial resemblance to the main formula 
[equation (16)] of this paper relating to the measure of an (n—1)-dimensional 
regular spherical simplex. (Such a simplex may be decomposed into n! congruent 
orthoschemes with all non-right angles but one equal to 47.) However, van der 
Vaart’s formula appropriate to the regular simplex appears to be far more difficult 
to handle. 


Quart. J. Math. Oxford (2), 12 (1961), 257-64. 
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It has been shown previously [Ruben (7, 8)] that, if 6 > 47, then this 
measure can be expressed in the form of a univariate integralft 





za) -(§} f e-tot(O(E)}" d &, 


where « is real and positive and 


Un (7—are cos 


é 
(E) = (20) [ edn. 
On replacing 1/(1+-«) by x, the normed measure of an (n—1)-dimen- 
sional regular spherical simplex with common obtuse dihedral angle 
a7—are cos x is obtained as 


U,(m—are cos x) = (=) [ ex(—te) oe dé 
or (0<2%<1). (1) 


Equation (1){ provides the starting-point for the present discussion. 
Define 
2 


wpe) = @myim(n ==) | oxp( =e) oom ae 
; (m = 0,2, 4,...30<2<1), (2) 


é 
where (é) = (2) | e-in* dy. 
0 


(Note in passing that w,(x) = 1 when 0<2< 1.) The right-hand 
member of (1) can be expressed in terms of the w-functions. To achieve 
this, represent the integral in (1) as the sum of two integrals with 
ranges £ < 0 and é > 0, respectively. On substituting —é for ¢ in the 
first of these two integrals and observing that 


Of) = 4+H(8), ¥(—€) = —¥), 


+ This result is actually a special case of a somewhat more general result in 
(7) and (8). In those papers, the normed measure of a skew-regular spherical 
simplex was expressed as a univariate integral, where the latter simplex is 
generated from a regular simplex as base by the projection of a (possibly empty) 
subset of vertices of the base simplex with respect to the centre of the sphere on 
whose surface the base simplex is located. 

t It is convenient to define u,(8) = 1. Equation (1) then holds for all non- 
negative integral n. 
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for all real €, we obtain 


u,,(7—ar¥re Cos x) 


_(2=)) fool e)a—wor+a+wenae 


“(a fre 7-5") >,(° Janne ae. 
Therefore 


[in] ant 
u,(7—arceos) = (4)" > (3.}(=) wat (n = 0,1,2,...3 O<2 <1). 
i=0 (3) 
For the purpose of expressing the w-functions in an alternative and 
more extended form we now examine a more inclusive class of integrals 
than that given in (2). At the same time this will serve to generalize 
the relationship (3). Define 





io 2) 


W(t) = (2m)im( f=) 4 | exp(—"#) Tr were ae 


(m = 2,4,..;0<a2< 1), (4) 
for real t;, so that, in particular, 


w* (x; 1,....1) = w(x). (5) 


On differentiating in (4) with respect to the ¢,; (justification of the 


differentiation under the integral sign is trivial), we find 
om * 
at,...0t,. Win(X; b1,-++) tm) 


m 


= (2m)im(tn =) J exp Sele II (2n)-+exp(—4t £2) dg 


=m) frost Fee] 


a \im m+) 
‘is 1.3..(m—1)( =) ( =? 5 i) (6) 


x 





The complete solution of (6) is 


im —i(m+)) 
we (x; t) = 1.3...(m—1) (;* ~ 5] f. fle = e4) my dz,...dZ,+ 


xe ‘m; (2; t), 
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where, for convenience, the vectors (t,,..., tm), (ty)-++5 €¢—a5 bisay-++s tm) have 
been replaced by t and t®, respectively, ‘aul 00 (25 bx se00y ben) of w(x; t). 
Equation (7) follows from the fact that > C,,,,(z; t®) is the general 
solution of the differential equation 
Ow /aty...Olm = 0. 
We now show that > C,,.; is identically zero. Observe that, by (4), 


w* (x; by yeoey b_y, 0, bs atyeeey bn) — 0 (@ = I ove, 8), 


and set ¢; = 0 in (7) for a fixed 7. Then (7) reduces to 


Cosales ) + [ >, Crngg( t)| = 0: 


4=0 


that is, Cnnel®3 t) can be expressed as a sum of functions each involving 
m—2 t-arguments selected from the set (t,,...,¢;_, t:41,--»tm).- Hence 
> Cin can be expressed in the form 


X Emsl%s t) = DY Cons gst), 


where tJ) denotes the vector 





ES Se ee ee 


and C,,.,; (x; t“”) represents a function independent of t; and ¢t;, summa- 
tion being extended over all pairs (i,j), with 1 < j, selected from the 
set {1,2,...,m}. Similarly, by setting fixed pairs (¢,,¢;) = (0,0) in (7) 


we obtain 
2¢ ‘msi 3 t@ 9) => > 2 COnsij(@3 ti5,%) 
uv 
where tJ.) denotes the vector 


a ee Se Se See Se Cee 


and C,,.;; (x; t©i”) represents a function independent of ¢;, ¢;, ¢,, sum- 
mation beitig extended over all triples (i,j,4) from {1, 2,...,m} with 
i <j<k. Proceeding in this manner, we eventually obtain 


> Crji(@3 t) =C m;2,3,.. m2} t,)+.. -+Chss.. +m -1(%} ty), 


and on setting each component of (m—1)-tuples of the ¢; simultaneously 
zero it is deduced that > C,,.,(x; t®) is independent of the ¢;. Finally, 
7 


on setting (t,,...,t,,) = (0,...,0) the required result 


a Crrj(t; t) = 0 (8) 
is established. 
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On using (8) in (7), setting ¢, = 1,..., ¢,, = 1 and referring to (5), we 
express w,,(2) as an integral over a unit m-dimensional cube in the form 


x im | t 2 m —i(m-+1) 
p(t) = 1.3.(m—1)( 2)" ff (L425 Sat) dead 
Te de 1 
0 0 


(m = 2,4,..;0<2< 1). (9) 


Equation (9) suggests an obvious extension of the domain of the 
w-functions since the right-hand member of (9) is well-defined for all 
a in the closed interval [—1/(m—1),1].¢ In fact, define 


a \im t t x sm —Hm+1) 
h,(x) —_ 1.3...(m—1) ~ aegigees eee 14 —— 2? dz AZ 
l—z —zxr 7 1 
0 0 . 
(m 


= 2,4,...; —1/(m—1) < x <1) 


> 


h(x) =1 
(10) 
so that h,,(x) = w,,(x) for 0 << 2 < 1. Note further that h,,(0) = 0. 
Equation (3) was shown previously to hold for 0<2<1. By 
analytic continuation it clearly holds for all values of x for which w,,(x) 
is defined, with w,,(x) replaced by h,,(x). Accordingly, 
[in] n\(2\é 
u,(7—are cos x) = (4)" 2, (=) ho(x) 
" (n = 0,1, 2,...3 —1/(n—1) 2 <1). (11) 
Equation (11) now permits of a further useful extension of the domain 
of the original w-functions. On inverting (11) to solve for the h’s in 
terms of the w’s, we find 


h,,(x) = (22)i" >, (7)(— 20a (a —are cos x) 
(n = 0,2, 4,...; —1/(m—1) <2 <1). (12) 

Now it is well known that w.,,,(x) is linearly related to u,(x), w.(x),..., 
Uy,(x) for k = 0, 1, 2,... [Schlafli (10)]. This implies, of course, that 
Uoz44(X) is a linear function of w(x), u,(x),..., We,(x) for k = 0, 1, 2,.... 
The linear function in question is readily shown from Schliafli’s relation- 
ship to be 

2k+1 


> Pn (a tana —a0 0082) aie 


me 4 
; (k = 0,1,2,..3; —Jk2 <2 <1). (18) 


+ We take w,,(1) = w,,(1—) < ©. 
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A comparison of (12) and (13) shows that the series in the two equations 
are identical when n is replaced by 2k+1 in the former equation 
(k = 0,1, 2,...). This suggests defining 


hex 41(2) = 0 (k = 0, 1, 2,...). (14) 


Equation (12) is now replaced by 
— (27) oS a 
iy(e) = (2n)" > () })'u,_s(m—are 0082) 
(n = 0,1,2,...; —1/(m—1) <# <1), (15) 
while (11) is replaced by 


tiy(m—are cos) = (4) z (")(=)" ae 





(n = 0,1,2,...; —1/(m—1) <a <1), (16) 
where 
h(x) = 1, — \ 
eo ee oP ‘Tae F paaee ae 
” . —) I~ => o 1-2 
0 0 
(m = 2,4,...; —1/(m—1) < 2 < 1) 
hn (x) = 0 (m = 1,3...) ) 
(17) 


(It should be remarked that h,,(1) = (47)*" for m = 0, 2,.... This 
follows from (12) since u,(7) = 4.) 
For m = 2 in (17), we find 





1—2z 


2 3 
| ( in et+ep| "de dz, 
0 





(1—2a)* cos d 
aaa] 


l—2z 


= 4n—2arce sin")! 


= arcsin2. (18) 
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In this sense h.,(x), for k > 1, is a generalization of the inverse sine- 
function (as indicated in the introductory section). 

We conclude by remarking that the h-functions may be expressed 
as power series in x/(1—2x), provided that —1/(2k—1) < x < 1/(2k+1). 
Thus, on expanding the integrand in (17) in powers of 2/(1—zx) and 
integrating term by term, we have 


1 1 
_ 129 (9h x \* = —~)*/2k+1 
Iay(z) = 1.3..(2k—1)(-=) } 2 pe Cr )* 
ke 


0 
x ( A) (5) deed 
i=1 








(k = 1,2,...3 —1/(2k—1) << @ < 1/(2k+1)), (19) 


where 


1 1 
8 2k 1 2k 
Coks = = ! "2 “= ke >}, ‘f- I (> ¢)’ y++-At yy, 
“8 


2Ic 
= (—1) (aS = +) f- "Ba ieee j Uy -»- Ut 
ms (s) jit... +jx= i Jax 


0 
= (—1 (=F) 


~ 








M 





~ 


9) 5,4. Dhpme Ji! Jon!(21 + 1)--(2jox+1) 
(e = 0, 1, 3....), 


and q=1, % =4G+1)..(g+s—1) (8 = 1,2,...). 


Equation (19) is a suitable formula for the evaluation of w,,(@))when 
cos @ > —1/(2k+1), i.e. when the simplex is not too ‘large’. 
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APPROXIMATE LOCATION OF THE ZEROS OF 
GENERALIZED BESSEL POLYNOMIALS 


By P. J. McCARTHY (University of Kansas) 


[Received 14 January 1961] 


In this note we consider the generalized Bessel polynomials in 
Al-Salam’s notation (1) 

~~ — [n 

re) = > ()om-ba+ 1d 
where (8), = ['(8+k)/T'(8). In the notation of Krall and Frink (2) we 
— YQ(2) = yalz,0-+2, 2). 
Al-Salam has shown [(1) Theorem 12.2] that, if a > 0, then all the 
zeros of Y‘“(z) are inside the circle |z| = 1. On the other hand, Nassif 
has shown in (3) that, if « = 0, in which case we have the ordinary 
Bessel polynomials, and, if m > 1, then all of the zeros of Y‘(z) are 
inside or on the circle |z| = {(n—1)/(2n—1)}*. In this note I shall obtain 
two results concerning the location of the zeros of Y‘(z). 

canon 1. For fixed n and sufficiently large positive «, all the zeros 

of Y‘(z) are inside the left*half of the circle \z| = 1. As «—> 00, the zeros 
of Y m z) approach zero. 


THEOREM 2. For fixed « > 0 and sufficiently large n, all the zeros of 
Y'(z) are inside the circle |\z| = {(n—1)/(2n+a—1)}. 


Theorem | is a consequence of a general result due to Parodi [(4) 
150-5]. This result concerns the location of the zeros of the polynomials 
in a sequence of polynomials which satisfy a three-term recurrence 
relation. For the sequence of Bessel polynomials {Y‘)(z)} we have the 
recurrence relation [(2) 111] 


(n+a)(2n+-a—2)Y(z)— 
—(2n+a—1){a+}(2n+a)(2n+a—2)a}¥™ (z) 
—(n »~INteeiF fs o(z) = 0. 
Then, in Parodi’s notation, 
f,(n) = (n+a)(2n+a—2), — fa(n) = —a(2n+a—1), 
f( “ = 4(2n+a)(2n+a—1)(2n+a—2), 
fi(n) = —(n—1)(2n+<a). 


Quart. J. Math. Oxford (2), 12 (1961), 265-7. 
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I shall not use Parodi’s complete result, but only the fact that, for a 
sufficiently large and positive, the zeros of Y‘(z) are in the union of 
the circular regions given by 

















" 2a 2(n—1) 

+ Gn+a)(Qn+a—2) ~ |(2n-+-a—1)(2n+-a—2))’ 
" 2a < 2a 

T (k-pa)(2kta—2) ~ 1(2k+-a)(2k+-a—2))’ 











for k = 2, 3,..., n—1, and 


z+ 








2 
ne ee 

Since « > 0, then all the zeros are inside the circle |z| = 1. Each of 
the above circles has its centre on the left half of the real axis, and only 
the first could possibly contain any points of the open right half-plane. 
Moreover, if « > }{—n-+-./(9n?—8n)}, even the first circle does not 
intersect the open right half-plane. Thus, noting that Y‘)(0) 4 0, we 
see that, for all such a, all the zeros of Y‘(z) are inside the left half 
of the circle |z| = 1. 

We also note that both the centres and the radii of the above circular 
regions approach zero as «oo. Finally, we note that the zeros of 
Y‘(z), for large «, are bounded away from the imaginary axis except 
near zero. 

I shall give only an outline of the proof of Theorem 2 since it is 
similar to the proof given by Nassif in the case « = 0. I shall indicate, 
however, why it is that we must choose n large. We assume n > 3 
and set 


2 
2+a 





o = 24(\nta+ De 


Following Nassif, we consider the polynomial 
R, (at) = Cy2"—Cy-y2"246, 92-2 —Cy_g 2-8 


2n+a)(2n+a—1) 5 
2n 


—(2n+a—1)a?+(n—1)a— 
Let f(x) be the polynomial in the brackets and set 
r = {(2n+a—1)/(n—1)}. 


We wish to show that, for sufficiently large, f(~) has exactly one real 
zero which lies between 0 and 1/r. We have f(0) < 0 and we consider 





eee 


2(n—1)(n—2) 
3(2n-+a—2) } 
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f'(x). The discriminant of f’(x) is 

n-l{ —8n3+-(20—8a)n?— (2a?— 220+8)n+6a(a—1)}, 
which is negative for n sufficiently large. Hence f(x), for n sufficiently 
large, has at most one real zero. Since, with m sufficiently large, 
f(i/r) > 0, f(x) has exactly one zero between 0 and 1/r. Thus R,,(x) > 0 
for n sufficiently large and x > 1/r. We may now assume n > 4. Then, 
if x >1/r and 0<k <n—4, we have c,2* < c,,,2*+! if only we 
choose » large enough. Then it follows, as in Nassif’s proof, that 
Y“(—2) > 0 for x > 1/r. Hence, if Y‘(z) has a real zero x, we must 
have —1/r < x < 0; this, of course, with n sufficiently large. 


Now let g(z) = (rz)"Y¥(1/rz) = >) a,,2*, 
where a, = c,_;7*. We have os 
1A = 2-"+1(n+-4a)(n+a+1), 17 
> 2-"+1n(n+a+1), 17 = a, > 0. 
Also, if 1 <k <n—l, 
Ops, 2(n—k)r? 
ay, (k+1)(2n+a—k) 


if we choose n large enough. Thus, for n sufficiently large, we have 


<4, 





a, > rd,,, > 9, l<k<n-l. 

We note that in each case where we are required to choose n large 
it is because we wish some polynomial in n to be positive or to be 
negative for all the » under consideration. We can now choose n so 
large that all of the desired inequalities hold. Then we can proceed as 
did Nassif [(3) 411] to show that g(z) has at most one zero inside or 
on the unit circle. Thus Y‘*)(z) has at most one zero outside or on the 
circle |z| = 1/r, which must therefore be a real zero. But all the real 
zeros of Y‘*)(z) are inside this circle, and so all of the zeros of Y{*(z) 
must be inside this circle. 
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ON THE COHOMOLOGY OF AN 
EILENBERG-MACLANE SPACE 
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[Received 23 June 1961] 


1. Introduction 
Let 7 be a finitely-generated Abelian group. Cartan’s calculation (2) 
of the cohomology H*(z,n; Z,,) of an Eilenberg—MacLane space deter- 
mines the local struciure as a module over the Steenrod algebra. We 
shall compute the module structure in the large in dimensions less than 
pn (Propositions 4.1, 5.6, and 5.7), including a minimal set of genera- 
tors in dimensions less than 3n (Propositions 4.5, 5.11, and 5.12). The 
latter is the dimension range most useful for applications (cf. § 6). 

In revising this paper I am indebted to W. Browder for suggesting 
the use of the co-algebra HA instead of just a filtration, and to D. Jonah 
for simplifying Lemma 2.2. 


2. Modules over Hopf algebras 

If B is any graded associative algebra over a field A, with a unit e, 
then the terms ‘module’ (or ‘B-module’, if B is not clear from context) 
and ‘homomorphism’ are to mean ‘graded unitary left B-module’ and 
‘graded B-homomorphism’. The term ‘vector-space’ is to mean ‘graded 
A-vectorspace’, and ‘element’ is to mean ‘homogeneous element’. An 
algebra will often be considered as a module over itself under left 
multiplication. The r-truncation of a module M is the quotient of M 
by the submodule } M,(i >). If a module M is regraded by raising 
the dimension of each element by a fixed integer , we shall denote 
the resulting module by M”. 

Let A be a connected Hopf algebra over a field A, with associative 
multiplication ¢: A @ A > A and associative and commutative diagonal 
y%: A+ AQ@A [for terminology cf. (4) or (5)]. If M and M’ are A- 
modules, then M @ M’ is to be the module obtained by allowing A to 
operate through the diagonal, i.e. if a = } a;®a;, then 

a(m@ m') = > (—1)%a,;m@a;,m’, 
where q; = dim(a;)dim(m). Similarly A is to operate on a q-fold tensor 
product through 


(4 = (f@1®...@1)...(f@ lp: A > @2A. 


Quart. J. Math, Oxford (2), 12 (1961), 268-82. 
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Recall that, if M is a vectorspace, then the symmetric algebra 
SM = A+M+SP?M-+...+SPUM-+-... 
is obtained from the tensor algebra 
@M = A+M+@7M-+-...+-@°M-+-... 


as follows. The symmetric group Y, acts on @¢M by permuting factors 
with the usual sign convention: thus, if oe % (o ~ 1), then 
ao(m@m') =(—1)m’@m, A= dim(m’)dim(m), 

and SP¢M is the quotient of @¢M by the vector subspace generated 
by all elements g—o(g), for g in @¢M, cin &,. If M is also an A-module, 
then the commutativity of % implies that SP¢M inherits a module 
structure from @¢M. We write the image in SP¢M of m,®@...@m, as 
My ... Mg. 

Consider the homomorphisms 

p: SPIM > @2M, v: @7M > SP«M, 
where v is the projection and 
p(m,...M_) = F o(m,@...@m,) (cEeH). 

The composition vu is just multiplication by q!. Hence, if q is less 
than the characteristic of A (= p or 00), then SPM is isomorphic to 
a direct summand of ®2M. Now, if M is A-free, then so is @2 M: in fact 
a module basis is given by the elements «; ® m;,@ ...® m;,,, where «; runs 
through an A-basis for M, and for each j, m;, runs through a A-basis. 
Hence in this case SP¢M is a graded projective module; and, since A 
is connected, we have by (3) (Exposé 15, Proposition 9) the proposi- 
tion: 

ProposttIon 2.1. If M is A-free, then SP¢M is A-free provided that 
q is less than the characteristic of A. 


This is not true for g == p, as is shown by the example SP?A. If 
acéA is primitive, then a(e”) = pe?-!.a = 0, whereas any set of 
generators for SP?A must include a non-zero scalar multiple of e?. 

Consider the special case in which A has finite characteristic p (p odd), 
and A is a divided polynomial algebra on one ‘generator’ of even 
dimension r; thus A has a vectorspace basis ¢ = 2p, 21, X,..., Where 2; 
has dimension 72, 

px; = ‘ p n® Xm P(x; @ Xj) = (¢,J)j4;. 
Here (i,j) denotes the modp reduction of the binomial coefficient 
(i+7)!/i!7!. We need a lemma: 
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Lemma 2.2. In A"@ A” the following relations hold: 
e€@uz,—(—1)**%,@e = — > (—l)a,(e@z2,_,), fors = 1, 2..... 
r=1 
Proof. Let 


p= (—1y2,(e@2,-+) 
= s (—1) > (r—™M, 8—T)Lm,@ Xy_-m 
r=0 m=0 
= >) >) (—1)"(s—r, r—m)]|q ® 25m: 
m=0'r=m 


Setting gq = r—m, we get 
s—1 s—m 
— (—1)*a,@e+ py (—1)"[ pa (—1)%(s—m—q, Q) | m ® % 5m 
m=0 q=0 


=~ (— 1)*x, We 
since the coefficient inside the square brackets is the alternating sum 
of the binomial coefficients (reduced mod p), and is therefore zero. 
Transposing the term e @ 2, of p, we obtain the desired equality. We 
have the proposition: 

PROPOSITION 2.3. The set of elements 

e€@z,+(—1)%,@e (s = 0,1.,...) 
forms a basis for A” @ A” as an A-module. 

Proof. Let N(m) be the submodule of A" @ A” which is generated 
over A by the elements of dimension not exceeding dimz,,. Since 
A" @ A” has a module basis consisting of the elements e @ x, (s = 0, 1,...), 
N(m) is A-free with basis e@x, (0 < 8 < m); we must show that it 
also has as a basis the set '(m) of elements 

€@2z,+(—1)*4%,@e (OS 8<™m). 
Since I'(m) contains the correct number of elements for a basis, it 
suffices to show that the submodule M(m) of N(m) which is generated 
by I'(m) is equal to N(m); i.e. that e @ x, € M(m) for s < m. Suppose 
inductively that e@ 2, ¢ M(m—1) for s < m—1. Then by Lemma 2.2, 
€@xX,—(—1)"2,, ®e € N(m—1) = M(m—1) c M(m), 

while e@ z,,-+(—1)"x,,®@ e € M(m) by definition. Adding, we find that 
€@®x,, € M(m) since the characteristic of A is not 2. 


3. A filtration for co-algebras 
Recall the following construction from (5), whose notation we follow. 
Let B be an augmented, graded, associative algebra over a field A, 








Ba rg a nc ge 
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with multiplication ¢. Let B be the kernel of the augmentation, 
j: B + B the inclusion, and set 


¢2 = 4(4@ 1)...(4@1®@...@1): OI B> B, 
jt =j®...@j: @1B > QB. 
Then we filter B by F3 B = B, F}B = B, and F§ B = Image ¢%j* for 


q > 2. Let 
Ei B= FE B/F§*B, E,B=}> EGB. 
q20 


Then ¢ induces a multiplication in Z, B which turns it into an algebra. 

We shall use a dual construction. Let C be an augmented, graded, 
associative co-algebra over A, with diagonal . Let C be the cokernel 
of the augmentation »: A> C, £: C>C the projection. Filter C by 
F°C = Ker£, F2-"C = Ker (at: C>@1C>@rC for g>2. Set 
E1C = F¢C/F*C, and EC = 2, ExC, EC is in fact bigraded: for, 
if we set Fe7C = FICNC,, then "FC = > Foc, and E4C = > EC, 


r20 

where H2rC = FerC/F2-"C, An element ye H%C will be called 
bihomogeneous, of filtration degree gq and dimension r. We write the 
image of an element c € F%C as € € E%'C; c will be called a lift of ¢. 

Now, if ce F%'C, then yc must have the form yc = } c;@d;, with 
c, € Fwd, d;,e F%iC, and q;+s8; = q, 7; +t; = 7. Hence ¢ induces a 
homomorphism VY: EC + EC@ EC by YE = > é,@d;. One verifies 
readily that HC is a bigraded co-algebra. In fact, if C is of finite type, 
then EC = (E, C*)*, so that the properties of Z follow from those of 
E, (ef. (5)]. In particular, if C is a Hopf algebra, then there is an in- 
duced multiplication in HC which turns it into a bigraded Hopf algebra, 
the dual of E, C*. 

If M =U FM is a filtered module, then M” is to be filtered by 
FiM" = (F°M)"; if N is also filtered, we set 

FUMQN)= > FMOFN. 
r+s=q 

Let A be as in § 2. We shall use the following relationship between 
A" @ A” as an A-module and (HA)"@(HA)" as an HA-module. Let 
> «;(8;® y;) be a bihomogeneous expression in the latter: i.e. a;, B;, y; 
of HA aret bihomogeneous of filtration degrees q;, ;, q;, dimensions 
r,, r; respectively, and 


Vi» i? 
at+¢gt+ag=a@ ntitisr 


+ We need not distinguish between HA and (HA)" except in the module 
structure of the tensor product. 
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are independent of i. Let a;, b;, c; of A be lifts of «;, B;, y; respectively. 

Then, if > «,(8; ® y,;) = 0, in the A-module A" @ A” we clearly have 
> a,(b;8¢;)) = 0 (mod F2-(A"@ A”)). (3.1) 

4. The case 7 = Z, 

Henceforth p is to be a fixed odd prime; A is to be Z,, (the integers 
mod p); and A is to be the mod p Steenrod algebra [cf. (4) for a definition]. 

Cartan’s theorem (2) on the structure of H*(Z,,; Z,,) implies that 
there is an epimorphism (of Z,-algebras and A-modules) 

{: SA" > H*(Z,,n; Z,) 
which induces an isomorphism of pn-truncations. If the elements of 
the Adem—Cartan basis for A are written St! as usual, then Z is defined 
by {(St!... Stle) = StH... Stleb, 
where b is the basic class. Hence by Proposition 2.1 we have the proposi- 
tion: 

Proposition 4.1. The pn-truncation of the augmented cohomology 
H*(Z,,n; Z,,) 1s a truncated free A-module. 

In fact, the integer pn may be replaced by pn-+1 if n is even, and 
by pn+p—l1ifnis odd. These restrictions cannot be improved because 
of the relations Q, 7!"b = 0 for n even, and AX"+) = 0 for n odd. 

We shall next calculate a basis for SP?2A”. Recall that Milnor (4) 
proved that A is a Hopf algebra, and that the dual A* has the structure 
as an algebra of a tensor product of polynomial algebras on generators 
&,, &)..., Where €, has dimension 2p*—2, and exterior algebras on 
generators 7», 7,,.... Where 7; has dimension 2p*—1. The diagonal is 
pe ty $*(E.) = > &-ip' @ &, 

$* (te) = > Sei P' @HE+T, Be. 
Since 4* is commutative, Z, A* is isomorphic to A* as an algebra [(5) 
Proposition 4. 18]. The formula for 4* shows that €,, and 7, are primitive 
modulo elements of filtration greater than one, so that HE, A* is iso- 
morphic as a Hopf algebra to the above tensor product of polynomial 
and exterior algebras. Hence HA is isomorphic as a Hopf algebra to 
a tensor product of divided polynomial algebras on ‘generators’ {,, 
f,,..., and exterior algebras on generators op, 0},..., where ¢, is dual to 
€,, and o;, to 7;. The element Q,,...Q;, A" € A (in Milnor’s notation) 
is thus a lift of o;,....0;, {j*... C7 in the sense of § 3. 

We shall consider the A-module A"@A” and the HA-module 
(EA)" @(HA)”". An element of the former of dimension r (or of the 








. 
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latter of filtration degree q and dimension r) will be called reducible if 
it can be written as a homogeneous expression > «;(8; ® y,) of dimension r 
(or as a bihomogeneous expression of filtration degree q and dimension r 
as in § 3), with dima, > 0 for alli. Such an expression will be called a 
reduced form for the element. We prove the lemma: 


Lemma 4.2. The element 
e® Q;,---Q;, Pe '—(— 1)R+9m+DQ), Qs, Pro Q e 


in A” ® A” is reducible modulo elements of filtration less than R-+-s, where 
R = r,+...+% 

Proof. For each j, Lemma 2.2 yields a reduced form for the following 
element of (EA)" @ (HA)", 


Tj-1 D r r r 5 v 
Gr... j-1 & Oj ,0020 5,07) .-- i —(—1L)9Cp...S) @ o;,... G;, CH}... 7. 
Adding the expressions for all 7 yields a reduced form for 
eG G;,-. ts * Cet — (-- re... He & Oj, ++-0% 


If n and s are even, then hts the following equations for k = l.,..., 8 
yields a reduced form for the element 


Cite OF @ 4,-2.0, —(— 1) a, ...0;, Ch... G7! @ e 
ik. 17°F, A 4 6) Oi,++-Fu%_,) = Oj,+-.; C41. ® OR “aT 
= . 
+(—1)* wight f @ O;,-+.8%, 


similarly for m or s odd. Hence we obtain a reduced form (which can 
easily be written explicitly) for 


G;,(0 


11 


eQa; Ct — — 1) R+s(n tg, . Gi, 7... Ly Qe 
The lemma then follows from (3.1). We deduce the proposition: 


PROPOSITION 4.3. A"@ A” has a basis as an A-module consisting of 
the elements 


eR Q;,---;, Prt p ( ee 1)#+0n+DQ, ...Q;, Pron Qe. 


Using Lemma 4.2, one proves the proposition in the same way as 
Proposition 2.3, but by a double induction, first on dimension and then 
on degree of filtration. 

The homomorphism yp of § 2 maps SP?A” isomorphically onto the 
submodule S* of A”@ A” consisting of symmetric tensors. Those 


elements in (4.3) with R+-s = n (mod 2) are symmetric, the remainder 
3695 .2.12 T 
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being skew-symmetric; so that the former provide a basis for S?. Apply- 
ing v, which is an isomorphism on S?, we obtain the corollary: 


CoROLLARY 4.4. The module SP?A" has as a basis the elements 
€.(Q;,...Q;, A") with R+s = n (mod 2). 

Let M,(Z,,n; Z,) be the submodule of H*(Z,,n; Z,) consisting of 
all elements which can be written in the form ab.a’b, with a,a’ € A. 
Then from the results of Cartan mentioned above we have the corollary: 


CoRoLLaRY 4.5. The (p+ 1)n-truncation of M,(Z,,n; Z,) 1s a irun- 
cated free A-module with basis b.Q,,...Q;, Pb, where 


s+ ¥r,;=n (mod 2). 


5. The cases 7 = Z,;and 7 = Z 

We refer to (2) for the definition of the higher-order Bockstein co- 
homology operations f,, = B(p™) (m > 1); recall that these are additive 
operations raising dimension by one, £,,: Ker 8,,_, > Coker 8,,_,, where 

1 = Q)€A is the ordinary Bockstein. 

Let 7 = Z,, or Z, and let be H"(x,n; Z,) be the modp reduction 
of the basic class. Then according to (2), 8,,b = 0 for all m if 7 = Z, 
and for all m <f if = Z,;, in which case £,b is a generator of 
H"*\(7,n; Z,) = Z,. 

5.1. Notation. We denote by A(z,n) the pn-truncation of the sub- 
module of H*(x, n; Z,,) which is generated over A by 6 if 7 = Z or Z,; 
and by b and 8,6 if 7 = Z,; with f > 1. 

If we set A’ = (A/AQ,)” and H” = A’"4+A’"+1, then according to 
(2), A(z,n) is isomorphic to the pn-truncation of A’ if 7 = Z, of H” 
if 7 = Z,s with f > i. 

Let X be a topological space, and let c ec H"(X, Z,) be such that 8, 
is defined, and c and By together generate a submodule of H*(X, Z,) 
whose pn-ttuncation M is isomorphic to A(Z,s,n). Then we shall say 
that M is isomorphic to A(Z,,s,n) with generator c. 

Adem and Cartan have given a set of elements D, forming a Z,,-basis 
for A, with the following properties: D > C > B, where B consists of all 
allowable iterated Steenrod operations St! [cf. (2)] which neither begin 
nor end with Q,; C consists of the elements e, «, and Qa, where a € B 
and « + e; and D consists of the elements e, Qo, «, Qy«, «Qo, and QyaQ, 
(all of which are non-zero and distinct). The set C therefore furnishes 
a Z,-basis for A’. With a view to applications we denote the 
equivalence classes of e in the summands A’ and A’"*+! of H” by 6 


and f respectively. 
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Let 6; denote any element yb or yB with ye C. Then @” H” has a 
Z,,-basis consisting of all elements 6, ®...@ 8,,, while SP™H” has a Z,- 
basis consisting of the elements @,...0,, in which no 0, of odd dimension 
is repeated. We have the lemma: 


Lemma 5.2. @”"H” has as a module the set of generators 0, @...2 On, 
where 0, = b or B, and the first 0, different from b or B is of the form 
6, = y,b or y,B with y, € B. The only relations are Q,(0,®...® 8,,) = 0 
provided that each 0; is equal to «ther b or B. 


Proof. Let N be the submodule of @”H” spanned by the elements 
of the lemma. We shall prove that every monomial 6, ®...@ 6,, is con- 
tained in N by induction on dim6,. Suppose that 6, = y,b and that 
the first 6, different from 6 or f, other than 6,, is 6, = y,b. Then, if 
y, € B, by induction we have 


¥1(b @ 0, @...@ 8,,) = 0, @...@ 8,,+- elements in NV; 
while, if 6, = Q)y\ 5, with y, € B, then 
V1 Qo(b @ 9, @...@ yy @ ...@ O,,) = +4, @...@ O,,+- elements in NV. 


In either case this shows that 6, @...@6,,¢N. The proof is the same 
if 6, or 6, has the form yf. 
Next suppose that there exists a relation 


2st Ga = 9, 
where a,;,¢ A and the y, are distinct generators as in Lemma 5.2. The 


sums involving those 4, which begin with b and those which begin with 
8 must separately be zero; we consider the first case 


MM, = 6@4®...@ b,, 


the second being similar. Rewrite the relation as 


Dis tat Die Ge Gove = 9, (5.3) 
where the a, for fixed J (or the aj, for fixed k) are either zero or 
scalar multiples of distinct elements in C. If, for some k, all 6 = 6 or B, 
then Qo(u;,) = 0 is a known relation, so we may assume that no such 
py, occur in the second summation. 

Let the set C, which provides a Z,-basis for A’, be ordered in a 
manner compatible with dimension. We may extend this to an ordering 
of a basis for H” by requiring, for example, that yb precede y’8, for all 
y, y'€C. Finally we order the Z,-basis elements of @”H” lexico- 
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graphically. If we expand (5.3) in terms of this basis, then the sum of 
terms of highest order must be zero; but this sum reduces either to 


(cigy b) @ Of @...@ 64, (5.4) 


where a,,, is the element of highest order among the coefficients «,), and 
H, is that element p, of highest order which appears in (5.3) with 
coefficient «,),; or to 


+- (ai, b)@ OF @...@ Qy O* ®...@ H,, (5.5) 


’ 


where a, is the element of highest order among the coefficients aj, 
and p,, is that element p,, appearing in (5.3) with coefficient a), such 
that b@ 62 @...® Q) 0" @...@ 0%, has highest order. Here 6” is as before 
the first term in py, which is not of the form 6 or 8. The elements in 
(5.4) and (5.5) cannot have equal order since the earliest term in (5.5) 
(other than the first) which is different from 6 or 8 begins with Qs, 
while this is not true of (5.4). Hence either «,, = 0 or aj, = 0. 
Proceeding in this fashion, one proves that all coefficients are zero by 
induction on the order of « or «j,. This completes the proof of the 
lemma. 

From Lemma 5.2 it follows that @” H” is a direct sum S+ 7' of sub- 
modules, where S has generators 0, ®...@ 0,, such that each 6; is equal 
to either b or 8, and T is A-free. Now SP™H" is also a direct sum S’+ 7" 
of submodules, where S’ is generated over A by o = b”™ and o’ = b™-1.8 
if n is even, and by o = b.f”- and o’ = f” if n is odd, and 7” has as 
a Z,,-basis all of the Z,-basis elements 6,...0,, of SPH” except those 
of the form b”-!.@ if n is even, or B”-!.0 if n is odd. Consider the 
homomorphisms p: SP™H" > @”" H” and v: @”"H" > SPH" of § 2, 
vp being multiplication by m!. Since u(S’) c S and v(S8) c S’ if m < p, 
then » anf v determine SP”H"/S’ = T’ as a direct summand of 
@"H"/S =~ T. Since T is A-free, so is T’. One shows easily, using 
and v, that there are no relations in S’ other than Q,(c) = 0 and 
Qo(o’) = 0. 

Cartan’s results (2) imply that there is an epimorphism (of Z,- 
algebras and A-modules) ¢: SH" > H*(Z,;,n; Z,) which induces an 
isomorphism of pn-truncations, b ¢ A’ corresponding to the basic class 
b, and Be A’"+! to Bb. Since the operations f, are derivations, 
Bb") = mb”-1.8,b if n is even, and B,(b.(8,b)™-1) = (B,b)™ if n is 
odd. Hence the image of S’ under ¢ is isomorphic to A(Z,s,mn) with 
generator b” if n is even, and to A(Z,s,mn-+-m—1) with generator 
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b.(B,6)™-* if n is odd (all modules truncated in dimension pn). Com- 
bining the above results for m = 1,..., p—1, we have the proposition: 


Proposition 5.6. The pn-truncation of H*(Z,s,n; Z,) is the direct sum 
of the truncations of a free A-module and A-modules G.,, (m = 1,...,p—1), 
where 
m = A(Z,s,mn) with generator b™; 

(ii) if n is odd, G,, = A(Z,s;,mn+m—1) with generator b.(B,b)™-1. 


(i) af n is even, G 


The pn-truncations of SA’ and H*(Z,n; Z,) are also isomorphic, and 
reasoning similar to the above yields the proposition: 


Proposition 5.7. The pn-truncation of H*(Z,n; Z,) is the direct sum 
of the truncations of a free A-module and the following: 


(i) if n is even, modules G,, (m = 1,...,p—1), where G,, = A(Z,mn) 
with generator b”; 
(ii) if n is odd, a module G, = A(Z,n) with generator b. 


In order to compute generators for S P?H” we must change to Milnor’s 
basis for A. We have the lemma: 


Lemma 5.8. The elements b@b and 6® Q,,...Q;, A"), with r, #9 
and 1 Si, <... <i, <t, form a set of generators for the A-module 
A'"@ A’, with the single relation Q,(b@ b) = 0. 


Proof. We first show that the submodule N spanned by the given 
elements is equal to A’"@ A’. For convenience we allow the sequence 
ry,..., 7, to take on the value 0, 0,..., corresponding to the element 5 @ b. 
We need only show that 6@ abe N for all a€ A since these elements 
generate A’"@A’". If we can show that p = b@ Q,,...Q;, A"b is in 
N provided that 1 <j, < ... < j,, then 


Qo(p) = £6 @ Q Q;,---Q;,, Prd 


is also in N. We prove that p € N by induction on j,,. We may assume 
that j,, > ¢ since otherwise p € N by definition. If j,, = ¢, then 


Q,(0@ Q;,---Q,;,, Prt) _— +b@ Qj,--9;, A Pisa. rtd ht 
4B @ Qj. Qs, , Qg Pr tre L +b @ Q;,... Qs, Pred, 


Permuting the Q’s, we see that each term on the right except the last 
is either zero or a generator. Hence pe N. The proof is similar for 
jm >t. The relation Q,(b@ 6) = 0 is obvious. 

According to Lemma 5.2, A'"@ A’ also has generators b ® yb (y € B), 
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with the single relation Q,(6@ 6b) = 0. Now Lemma 8 of (4) implies 
that there exists a dimension-preserving 1-1 correspondence between 
the elements of B of positive dimension and the elements 


Q;,---Q, Prutic A 


withr, #4 Oand1l <i, < ... < i, < t, and hence between the generators 
of Lemma 5.8 and those of Lemma 5.2 with m = 2. Since A, and hence 
A'"@ A’, is finite in each dimension, this implies that there can be 
no further relations among the generators of Lemma 5.8. 

From the lemma one easily derives the following corollary, which we 
shall not use: 


CoROLLARY 5.9. A/AQ, has a basis as a vectorspace consisting of the 
elements e and Q,,...Q;,P'" with r, A 0and 0 Ki, <<... Si, <t. 


Henceforth A, is to denote any element of A of the form Q,,...Q;, A" 
with 7, #0 and 1 <i, <... <i, < t, and A is to denote either e or Ay. 
We shall abbreviate R = > 1; as before. The filtration in A induces 
a filtration in A’ = A/AQ,, and hence in A’ and A’@A’. The 
element A, considered as lying in either A or A’, has filtration precisely 
R-+s (i.e. does not have filtration K+-s—1). We need the lemma: 


Lemma 5.10. For n even, the following modules have the indicated 
generators and relations: 


(1) A™@A’'™: b@AD+(—1)®#*2@b, _—relation Q.(b@b) = 0, 


(2) A™@ A+: b@AB+(—1)F "A @P, _,, Qo(b @B) = 9, 
(3) A'™+1@ A’: B@Ab+(—1)*ABO@b, %» Qo(B@ b) = 0, 
(4) A™+H@ A+: B@AB+(—1)-AB@BP, __,, Q(B @ B) = 0. 


For n odd, the signs (—1)” and (—1)*”+* should be interchanged. Each of 
the above elements becomes reducible modulo elements of filtration less than 
R-+s if we change the sign of the second term. 


Proof. According to Lemma 4.2, the element e @ A—(—1)”+*A Qe in 
A" ® A” is reducible modulo elements of filtration less than R+-s; hence 
the same is true of the element 


b@Ab—(—1)®+0@HE A™@ A, 


Part (1) is now proved in the same manner as Proposition 4.3, using 
Lemma 5.9. The proofs of the remaining parts are similar. 
We must find a set of generators for H"@H™” which is the direct 
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sum of the modules (1)—(4) in Lemma 5.10, consisting of symmetric and 
skew-symmetric tensors. The generators of (1) and (4) are already such; 
we transform those of (2) and (3) by taking sum and difference to obtain, 
for n even, 


(i) (b@AB+(—1)*AB@ b)+(B@Ab+ (—1)® AB @ 8), 
(ii) (b@AB—(—1)*AB @ b)—(B @ Ab—(— 1) ® Ab @ 8). 


According to Lemma 5.10, these elements with the signs of the second 
and fourth terms changed, call them (i)’ and (ii)’ respectively, are re- 
ducible modulo terms of filtration less than R+s. Adding (ii)’ to (i) 
and (i)’ to (ii) yields the following minimal set of generators for 
A'®@ A’/"+14 A’'™+1@ A’, n even: 


b@AB+(—1)*AB@ b. 


For n odd, the sign (—1)” should be replaced by (—1)¥**. 

We again denote by M,(z,n; Z,), 7 = Z or Z,s, the submodule of 
H*(x,n; Z,,) consisting of all elements which can be written in the form 
6,.95, with 6; = ab or aB,b, ~a€¢ A. Then Lemma 5.10 and the remarks 
following it yield, in a manner similar to the Corollaries 4.4 and 4.5, the 
propositions: 


Proposition 5.11. The (p+1)n-truncation of M,(Z,s,n; Z,) (f > 1) 
is the direct sum of the truncations of an A-module G, as in Proposition 
5.6 and a free A-module with the following basis, where 4, ¢ A has the 
form Q,,---Q;,F" with 1, A Oand 1 Jip <<... St, <<: 

(i) b.AQd, s+ >}r,;=n (mod 2), 

(ii) Byb.AgB,d, s+ ¥r,;=n+1 (mod2), 

(iii) B.AgByd. 

If « = Z, then the calculations reduce to those of the first case in 
Lemma 5.10 and Proposition 5.11: 


Proposition 5.12. The(p-+-1)n-truncation of M,(Z,n;Z,,) is the direct 
sum of the truncations of a free A-module with basis b.A,b, where A. is as 
in (5.11) with s+ > r; = n (mod 2), and (provided that n is even) a module 
G, as in (5.7). 


The above results are easily generalized to the cohomology 
H*(Xi K(7;,4), Zp) 
of a product of Eilenberg-MacLane spaces provided that each group 
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a, is finitely-generated. Since K(z,+7.,n) has the homotopy type of 
K(m,,) X K(7,), we need consider only the case in which each 7; is 
cyclic of infinite or prime-power order, and we may omit those terms 
whose orders are relatively prime to p. Let 
Y = X, K(Z,l;) Kz K(Zp5,m;) Kx K(Zy, m), 
where (1;);<7, (;)jey, aNd (M,)pex are finite sequences and 1 < f, </f, <.... 
Then 
H*(Y,Z,) = @,;H*(Z,1,; Z,)®@, H*(Zpy, m;; Z,) @x A*(Z,,m%; Z,). 
(5.13) 

Let b,, be the basic class in the wth term (ue J, J, or K). Let Rc J, 
S, Tc J be subsets such that m; is even for j € S, odd for j € 7; and 
let (c,)p, (7,)g, and (7)p be sequences of positive integers such that 
o, = 1 ifl, is odd. Finally, let » = min, ; ,1;,m;,n,; v = Ming pj; and 
let d be the number of elements in S U 7’. Then in (5.13) we obtain the 
following summands: 

(1) for each sequence (c,),,asummand A(Z,h),h = > p o,l,, generated 
by @pb?.; 

(2) for each triple (¢,)p, (75)s, (tx, (€—1)!/y!\(d—y—1)! summands 
A(Z,;,h+-y) for y = 0, 1,..., d—1, where f = f, and 


h = Sr9,1,+d57.mM+D771M+7,—1; 


generators are @pb%'@g7,@rpy, where x, = by and y, = b,.(B,,b,)"**, 
with the exception of a total of y terms which have the form 


«t, = p* 6, b, = eS (By, b,)". 
The generator with the lowest index (x, or y,) is not to be among these 
y terms. Then we have the proposition: 


Proposition 5.14. The pw-truncation of H*(Y, Z,,) is the direct sum 
of the truncations of a free A-module and the A-modules listed in (1) and 
(2) above. 


A basis for the free submodule in dimensions less than 3w can be 
obtained as iterated tensor products by using Propositions 4.5, 5.11, 
and 5.12. 


6. An application 

If @ is a class of Abelian groups (6), then a map will be called an 
r-homotopy equivalence mod @ if it induces isomorphisms mod @ of the 
homotopy groups in dimensions not exceeding r. @,, will denote the 
class of finite Abelian groups with order relatively prime to ». 
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Let n and q be positive integers, and let X be an (n—1)-connected 
CW complex such that 

(i) 7,(X) is finitely-generated for i < q, 

(ii) cup products in H*(X, R) are zero in dimensions not exceeding 
q with coefficients in any commutative ring R (e.g. if X is a suspension, 
then this condition holds for any q); 

(iii) the (g+1)-truncation of H*(X, Z,) is isomorphic (as a module 
over the Steenrod algebra A) to the truncation of a direct sum 

> A(C;, n;) (C; = Z, Z, or Zyx), 
the isomorphism preserving the operation of the higher-order Bock- 
steins on the generators e, of the terms A(C;,7,). 

Let « = min(q,3n—2), and let Y = K,K(C;,,n,). Then there is a 
(«—1)-homotopy equivalence mod@, from X to the space obtained 
from Y by killing the product terms in the cohomology. More precisely, 
Proposition 5.14 furnishes an isomorphism of «+ 1-truncations 

H*(Y, Z,) = > A(G;, n)+>dy7 A(D;, m;), 
where (m;); is some finite sequence, D; = Z, Z,, or Z,s;, and the 
following hold: 

(1) A(C;,,) is generated by the class b; ¢ H*(C;,,n;; Z,) c H*(Y, Z,) 
which is the mod p reduction of the basic class b; e H"(C;,n;; C;). 

(2) The generator d; of A(D,,m;) is a (non-trivial) cup or tensor 
product, and is the mod, reduction of a class d; € H*(Y, D,) which is 
also a cup or tensor product. 

Let W = X, K(D,,m,;), and let g: Y > W be a map such that the 
composition Y > W > K(D,,m,;) realizes d; for each je J. Then g in- 
duces a fibre space p: P > Y with fibre QW, the space of loops on W. 

According to (iii), the generator e; of the summand A(C;,n;) of 
H*(X, Z,,) is the mod p reduction of a class e;; € H*(X,C,). Let Ry: X > Y 
be a map such that F%¢(b;) = e; for all ie J. Since Ffd; is a cup 
product, according to (ii) it is zero, and therefore F, lifts to a map 
F:X—P such that pF = F. The cohomology sequence of the 
fibring is exact in dimensions not exceeding «, and it follows that 
F induces isomorphisms of the mod p cohomology in these dimensions. 
Then from Theorem 3 and Proposition 2 [p. 276] of (6) we infer the 
proposition: 

Proposition 6.1. The map F: X > P is ax—1-homotopy equivalence 
mod @,,. 
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The elements d; form a set of cyclic Postnikov invariants for P in 
the sense of (1). The map F induces a map of a Postnikov system for 
X into that for P; and it is easily seen that a set of cyclic invariants 
x; (j€ J), and x; can be chosen for X in dimensions less than « such 
that the following hold: 

(a) If D, = Z, or Z,,, then d; maps into x;, which has the same order. 

(b) If D, = Z, then d; maps into a multiple q; x;, where q; is relatively 
prime to p. 

(c) The cyclic invariants y;, correspond to finite summands of 7,(X) 
which have order relatively prime to p. 

6.2. Example. Let X = S"K(z,n), the m-fold suspension of an 
Eilenberg—MacLane space, and let gq = m+pn—1. Then according to 
the above discussion, the mod @, Postnikov invariants of X are primary 
operations in dimensions less than x, where 

Kk = min(m+ pn—1, 3m+3n—2), 
and we can write them down explicitly if we compute the number of 
basis elements, in each dimension less than pn, for the truncated free 
A-submodule of H*(z, n; Z,,). In dimensions less than 3n this informa- 
tion can be obtained from Propositions 4.5, 5.11, and 5.12, using a cyclic 
decomposition for 7. 

In particular we can conclude that there is a («— 2)-homotopy equiva- 
lence mod@, from QS"K(z,n) to a product of Eilenberg—MacLane 
spaces since the Postnikov invariants of a loop space are the suspensions 
of those of the original space, and the suspension of a product is zero. 
Also, if m > (p—2)n, then there is an (m+pn—2)-homotopy equiva- 
lence mod@, from S"K(z,n) to a product of Eilenberg—MacLane 
spaces; for there can be no products within this dimension range, and 
therefore all Postnikov invariants are zero. 
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A CONVEXITY PROPERTY OF POSITIVE 
MATRICES 


By J. F. C. KINGMAN (Cambridge) 


[Received 16 February 1961] 


Let A(@) be an Nx N matrix whose elements a;,,(@) are non-negative 
functions of the real variable 06. By Frobenius’ theorem, A(@) has a 
non-negative eigenvalue A(#) with the property that no eigenvalue of 
A(@) exceeds it in modulus. In connexion with a study of Markov 
chains, Miller (2) has shown, using complex-variable methods, that, if 
the a;;(@) are the Laplace transforms of positive functions, then A(@) is 
a convex function. The purpose of this note is to give a direct proof 
of a more general result, namely that, if loga;;(@) is convex, then so is 
log A(@). 

In what follows, a ‘convex’ function will mean a function convex in 
some fixed interval I: 6, << 6 < 4,. 

We say that a positive function f(@) is swperconvez if log f(@) is convex. 
Clearly a positive function f(@) is superconvex if and only if, for all 0, ¢ 
in J, and all «, 8 > 0 witha+f = 1, 

S(O +BH) < f(O)*f(b)¥. (1) 

Denote by G the class of all superconvex functions, together with 
the function identically zero in J. Then G is the class of functions 
satisfying (1) since, if f(6) = 0, then f(a0+ 84) = 0 for all a, B, ¢; so 
that f = 0in J. 

Lemma. G is closed under addition, multiplication, and raising to any 
positive power. If, for each n, f,, belongs to S, then so does f = limsupf, 
as n tends to infinity. 


Proof. Let f, g satisfy (1), and let h = f+g. Then 

h(a0-+B4) = f(a0-+B$)-+g(a8-+B¢) 

F(9)2F(6)F-+-g(0)2g(H)F 

£/(0)-+-9(6)}°4f(4)-+9(4)}?, by Hélder’s inequality [(1) 22], 
= h(6)*h(d)?. 

Hence G is closed under addition. It is also closed under multiplica- 


tion and raising to positive powers since any linear combination of 
convex functions with positive coefficients is convex. 


IN I 


Quart. J. Math. Oxford (2), 12 (1961), 283-4. 
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If the f,, satisfy (1), and if f = limsup/,,, then 
f(o0-+B¢) < lim sup f,,()°F,(¢)? 
< lim sup/,(0)*.lim sup/,,(4)? 
= f()f(¢)P. 
Hence f belongs to S, and the lemma is proved. 
THEOREM. Let A(6) be an N XN matrix such that a,;(0) belongs to S. 
Then its largest eigenvalue (0) belongs io S. 
Proof. Let f,(@) = {trace A"(6)}". 
From the lemma it follows that f,, belongs to S. But, if A,(@), A,(9),... 
are the eigenvalues of A(@), then 
Fn(9) _— >> AF (8) }". 
Thus A(#) = limsup/,(@), and hence A(@) belongs to GS. 
COROLLARY 1. Since any superconvex function is convex, X(8) is 
convex. 
CoRoLLARY 2. The theorem holds if 
a,,(0) = | & aF,,(x), 
where F,;(x) is increasing, and each a,;; converges in I. 
This follows from the inequality 
[ ea0+80 a(x) <{ fe aR(x)}*| { eM dF (x)\", 


which is a consequence of Hélder’s inequality [cf. (1) 140]. 

These two corollaries yield Miller’s result. It may be noted that the 
theorem hoids for any class of functions satisfying the lemma. How- 
ever, it is not true that, if the a,; are convex, then so is A(@). In fact, 
the class of convex functions is not closed under multiplication. 
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SOME IDENTITIES IN COMBINATORIAL 
ANALYSIS 


By B. GORDON (Los Angeles) 
[Received 14 April 1961] 


1. Introduction 
A Famous identity due to Jacobi in the theory of elliptic functions says 
that, if z and z are complex variables with |x| < 1 and z + 0, then 
co 2) 
TI (1—a2")(1+-a2"-1zy 1 + a?”-12-1) — > gn'gn (1) 
n=1 —o 


[for a proof cf. (1) 282]. This identity has numerous consequences of 
interest in number theory and combinatorial analysis, among them the 


formulae 
TI (l—2”) = > (—1)"aH@n*+n), (2) 
Ta —xn)s => —1)"(2n+ 1)akn*+n), (3) 
n=1 _ 
TT (1—2™)/(1—2%") — er, (4) 


due to Euler, Jacobi, and Gauss respectively [cf. (1) 283-5]. In the 
present paper I obtain an identity analogous to (1), viz. 


Il (1 —x2n)/( l — 2n-12)/( l —a2n-lz-1)/( l — gin—4z2)(] —gin-4z-2) 
n=1 


ai s gn*—2n(78n_1 z—3n__ 23n—2__2-3n+2) (5) 
— 


valid for |z| < 1 and z #0. From this it is possible to derive new 
formulae of the type of (2), (3), (4), a typical example being 


2) 


II (1—a™)3( 1 —ar2"-1)2 — S (6+ 1)arb@n*+n), 


n=1 —@ 
Finally, we obtain some congruence properties analogous to those 
possessed by the partition function p(n) defined by 


= JT] (i—2)1 == 


n=1 n= 


For example, if S(x)?f(a?)? = > Cc, 


n=0 
then c,, = 0 (mod7) whenever n = 2, 3, 4, or 6 (mod 7). 


Quart. J. Math. Oxford (2), 12 (1961), 285-90. 


p(n)x”. 


— 
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2. Proof of (5) 


It is convenient to prove first the identity 


II (1—s")(1—s"t)(1—8"-14-1)(1 —8?"-142)(1 —3?”-4-2) 


n=1 


=) giBn*+n)/ {3n_{- 8n-l), (6) 
—-@ 


from which (5) results by putting s = 2?, t = x-!z, and multiplying 
through by 1—z-*. The product A(s,t) on the left of (6) is absolutely 
convergent for |s| < 1, t # 0, and can be written in the form 


A(s,t) = ¥ y(t" (7) 


the series converging uniformly for |js} <@< 1 and JT < |t| < T. 
Putting 


B(s,t) = TI #9), 
we have ; 
A(s,t) = (1—t-)B(s, t) B(s, t-1) B(s?, s-'t) B(s?, s—t-1) B(s, 1). 
Since B(s,t) = (1—st) B(s, st), 
an easy calculation shows that 
A(s,t) = s*t3A(s, st). 
Substituting this into (7) we find that 
$,(8) = 8-14, (8), (8) 


and so all the coefficients ¢,,(s) can be determined once ¢_,, ¢o, and ¢, 
are known. On the other hand, 


A(s, 1)/(1—t2) = ¥ a (o)e" 
where $, = %n—%n+i- Since A(s,t)/(1—t-!) is invariant under the 
substitution ¢t > t-1, we have ¥%,, = %_,. From the equations 
$-1 = $1—%o» do = tot 
we thus obtain ¢_, = —¢,. Similarly, from 
$: = 1-2, $-2 = $-2—-1, $; = $-2 

we get ¢, = 0. Hence, using (8), we see that 

A(s,t) = $9(8)H(s, t), 
where H(s,t) is the series on the right of (6). To evaluate ¢,, set 

t = { = exp(}tz), 
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a primitive sixth root of unity. Then a simple calculation yields 
H(s, f) = (1 —{-) >) (—1)"gi@n*+n) = (1—-¢-*) II (1—s") 
—2 n=1 


by Euler’s identity (2). On the other hand 


(2 
A(s,£) = (1—E-¥) TI (1—a")(1— ag (1 —9f-4)(1— a1) (1— ata -2) 
from which it tien that 
= TI (1—s")(1—ant-2y(1— at -ag2)(1— 1g, 
Now 


w(s) = Tl (1—s"f)(1—s?"-122) 


n=1 


= II (1—s"Z)(1—s?"-12?)(1 —s?nf2)/(1 — gn?) 


n=1 


= TI (1—snt2)/(1-+8"2). 


n=1 


If s is real, each factor of this product is on the unit circle (since 


¢2 — —£); hence so is the product itself. Thus for real s, 
$o(8) _— = w(8) )w(s) —_ 5, 
and by analytic continuation, ¢o(s) = 1 for all s with |s| << 1. This 


completes the proof of (6) and so also of (5). 


3. Applications 
In (6) set s = x”, t = x-*, where M and k are integers satisfying 
< 2k < M. We then obtain 


Tl (1—2”) a 5 eMidn®+n)(q—3nk _ y3nk+k) 
— 2 


n=1 
where n is 0, +k, M, M+k, M+2k(mod2M) and where the factor 
1—z” is taken twice on the left if n is in two of the permitted residue 
classes (mod 2M). The right-hand side can be rewritten in the form 


2) 


> (— 1)"akT.HM—4k)U,,, 


where A — }(3n?+-n), U,, — Tins 
This gives a generalization of Euler’s identity (2), to which it reduces 
when M = 4,k = 1. If M = 3, k = 1, we get 


II 1—a")(1—a9-5)(] —g6n-1) — 12+ a84 a8 27104 
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Putting = fz) =T[—2"), gla) = S xnrsm, 
n=1 0 


we can write this in the form 
f(x?) f(a) /f(x)?f(a*) = g(x) —3ag(x*). (9) 


A formula equivalent to (9) appears several times in Ramanujan’s 
notebooks (2). Since 


) = TT 1—2?")/( 1—g2"-1) = f(x) /f(a?)? 


by Gauss’s identity (4), this leads to a functional equation for f(x) 
Again, if M = 6, k = 1 we find in the same manner that 


2f (x?) f(a*) f(x") /f (x) f(a) f(x®)? = 30(x*)—o(z), (10) 
where 0(”) = 3 x”. From this one can deduce functional equations for 


either f(x) or (a x). A curious corollary is the fact that the equation 
6(~) = 36(x*) has no solutions. 
If in formula (6) we divide by 1—#-! and then let ¢ > 1, we obtain 


Tl (1—s*)3(1—s2"-1)2 — 5 (6n+ 1 )gi8n?+n), (11) 
n=1 —-@ 
This formal procedure is easily justified as in the case of Jacobi’s 
identity (3) [for details cf. (1) 285). 


In the same way we find by dividing (5) by (1—z*)(1—z-*) and then 
letting z > 1 that 


TI 1—a®")(1—a2n—1)2(1 rtm)? — F (3n41)a3m42m, (12) 
4. Congruences 
Let p be 4 prime and suppose that 
A(x) = >) a,, 2” 
n=0 
is such that a,, = 0 (mod p) whenever n = n, (mod p). If 
= s 62° 
n=0 
has b,, = 0 (mod p) for all n $ 0 (mod p), then 


x) B(x) = Sen x” 
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clearly satisfies c,, = 0 (mod) for all n = ,(modp). Since the pth 
power of any - 
= > d, 2" 

n=0 
with integer coefficients is a suitable B(x), we 2an obtain a number of 
congruences from the identities discussed in §3. A few examples 
should serve to illustrate this. Taking p = 3, A(x) the function of (10), 
nm) = 2, and B(x) = f(x*)?/f(x>) f(x"), we see that 


(x) f(a*) = Dx Cc, x 


has c, = 0(mod3) whenever n = 2(mod 3). 
If p = 7, A(x) is the function of (11), m) = 2, 3, 4, or 6, and 


x 


B(x) = [J (l—2")-? 


n=1 


we see that f(x)*f(z?)? = > c, x" 
n=0 


has c, = 0(mod7) whenever n = 2, 3, 4, or 6 (mod 7). 
If p = 5 and 


a oo 


A(z) = TJ (l—2") > (3v+1)23"*+2” — S$ a,x", 
n=0 


n=1 v=—@ 


we see easily that a, = 0 (mod 5) whenever n = 4 (mod5). Hence, 
multiplying by 


i 2] 


= [J (1—2")- 


n=1 


and using (12), we find that 


x*)fla)*{flas)? = ¥ cy 


has c, = 0 (mod 5) whenever n = 4 (mod 5). 
Finally, if p = 11, it is readily seen that 


® By (3n+ 1)a3” ren" a * a,x” 
n=0 


io a) 


has a, = 0 (mod 11) whenever n = 7 (mod 11). Hence, taking 


ie) 
= {0-2 
and using (12), we see that 


Flay)" [flat = Sc, 0" 


n=0 


has c,, = 0 (mod 11) whenever n = 7 (mod 11). 
3695 .2.12 U 
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5. Possible generalizations 
In view of (1) and (5) it is natural to ask for analogous identities 
involving products of any number of factors. I discuss this problem in 
terms of (6), which is equivalent to (5) but easier to handle, and of 
TI (1—s")(1—at)(1—a"-1t-2) = F (—1) rghit +myn, (13) 
n=1 —@ 
the corresponding transformation of (1). We put 
C(s,t) = (1—t-) B(s, t) B(s, t-), D(s,t) = B(s?, s—t?) B(s?, s—4t-*), 
and consider the function 
F(s,t) = I] O(s%:, %)C(s?i, —tPs) (sve, t¥e) D(s®, —t*) 
‘jhe 


(Q<i<cl;l<j<cJ;l<k<K,1<1l< L), where «;, B;, y,, 3, are 
positive integers not necessarily distinct. This function is defined for 
|s| < 1,t ~ 0, and satisfies the equation 

F(s,t) = (—1)!+Kg%+8+7+8¢0+B+27+26 (3, st), 


where a = } a;,8B = > 8; y= > v5 => &. We can write 
F(s,t) = ¥ ht”, 


where h,, = h,,(8) depends only on s, and the Laurent series converges 
for ¢ #0, |s|} <1. From the functional equation we obtain the re- 


currence formula h, = (—1)1+Ks"-7-h,,_., 
n—-€ 


where « = a+f8+2y+285. Thus all h, are determined by hy,..., h,_,. 
From the fact that 
F(s,t) T] (1—t-%)-4(1+-t-8) 1 
ij 


is invariant under the substitution ¢t > t-!, we find that 
Fi h,, — (—1)'h ‘ 
which can be used to reduce the number of independent h,,. 

Ife < 3,a+8 < 1,8+8 < 2, then everything can be reduced to the 
evaluation of a single h,,, and we obtain identities equivalent to (6) or 
(13). But otherwise there will be at least two independent h, to 
evaluate, and I have not succeeded in finding any case where this can 
be done in an elementary manner. 


—n—a—B> 
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EIGENFUNCTION EXPANSIONS ASSOCIATED 
WITH A COMPLEX DIFFERENTIAL 
OPERATOR OF THE SECOND 
ORDER 


By J. B. McLEOD (Ozford) 


[Received 23 June 1961] 


1. THe theory of eigenfunction expansions associated with the real 
differential equation 


d?y 
7a t Aaa )y =0 (0<%<o) (1.1) 


and real self-adjoint boundary conditions has been thoroughly worked 
out (1). The situation is quite different when q(x) and the boundary 
conditions are allowed to become complex. In this case the differential 
equation is no longer self-adjoint, and the problem is a particular case 
of the spectral expansion associated with a non-self-adjoint linear 
operator. Research in this field is still extremely fragmentary, and it 
is not to be expected that we can develop eigenfunction expansions 
associated with the complex case at all as systematically as Titchmarsh 
has done with the real case. 

There are two types of eigenfunction problem to be considered. The 
first is the non-singular or Sturm—Liouville case, where q(x) is continuous 
and the boundary conditions are taken at finite end-points, 

y(a)cosa+y’(a)sina = 0, (1.2) 
y(b)cos B+-y’(b)sin B = 0, (1.3) 
where a, 8 are complex constants. 

The second type is the singular case, where the range of x becomes 
infinite and/or g(x) becomes discontinuous at one or other or both of 
the end-points. 

The Sturm—Liouville case is one in which even the non-self-adjoint 
problem can be solved completely. This has been recognized for some 
time, notably by authors like Birkhoff and Tamarkin [(2)—(6)], but 
these authors consider a differential equation of order n, along with 
boundary conditions much more general than (1.2), (1.3), and as a 
consequence they are unable to discuss tie detailed nature of the 


Quart. J. Math. Oxford (2), 12 (1961), 291-303. 
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expansion for the case in which we are interested. Peierls (7) has gone 
into details, but his treatment, he admits, is non-rigorous. As Dolph (8) 
points out, the promised justification of this has never appeared. 
Schwartz (9), in a very important and powerful paper, treats the Sturm— 
Liouville case (and also certain singular cases), but only as a special 
case of a long and complicated function-theoretic argument. Keldysh 
(10) has also given a linear-operator approach to the problem. 
Altogether, there does seem a case for a direct justification of Peierls’s 
work that does not depend on function-theoretic arguments, and this 
is particularly so when it appears that, without any great complication, 
it is possible at the same time to make a contribution to the singular 
case in which the range of x remains finite but q(x) becomes discon- 
tinuous at one or other or both of the end-points. This contribution does 
not seem to be covered by the existing function-theoretic arguments. 
The problem we shall consider is the following. We take the equation 


d? Ul+-1) 
Tat {A—ar)— Sy = 0. (1.4) 





where q(r) may be complex but is continuous except at r = 0, and where 
f r\q(r)| dr exists. We suppose that / is a positive integer or zero. The 
0 


reader will readily verify that the analysis is not restricted to those 
values of /, but this is the case of practical importance. (The equation 
is the well-known equation that arises when a three-dimensional equa- 
tion with spherical symmetry is soived by the method of separation 
of variables.) 

The boundary conditions we impose are (1.3), for some b > 0, together 
with the requirement that y(z) be L*(0,b). This, as the analysis shows, 
is sufficient to define an eigenvalue problem, except in the case / = 0, 
when we have to impose a further condition of the type (1.2) at a = 0. 
Despite this, the case / = 0 is similar enough to the case / > 0, so that 
we can safely restrict ourselves to 1 > 0. The case 1 = 0, with q(r) 
continuous, is just the Sturm—Liouville case, which therefore comes out 
as a particular case of the argument. 

We shall examine the eigenfunctions associated with this eigenvalue 
problem. As usual, an eigenfunction is a non-trivial solution of the 
equation (1.4) which satisfies the boundary conditions. In the self- 
adjoint case, the set of eigenfunctions would be complete, i.e. any 
reasonable function could be expanded in a series of them. In the 
non-self-adjoint case, we shall see that in general this no longer holds, 
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but that the set of eigenfunctions can be made complete by adding to 
it certain other functions which, though not eigenfunctions, are related 
to them. (Their precise form will be found in § 5.) I shall refer to these 
additional functions as adjoint functions. 

The problem can be extended to the case in which r = 6 is also a 
discontinuity of g(r), of the same type as at r= 0. It will not be 
necessary to discuss in detail this extension, but it will be clear that 
the same general conclusions hold on the completeness of the set of 
eigenfunctions and adjoint functions. 

I have limited myself to proving completeness, but, at least in certain 
cases, much more can be proved. For example, in the Sturm—Liouville 
case, a very straightforward adaptation of (1) [Ch. J] shows that not 
only is the set of eigenfunctions and adjoint functions complete, but 
also that, if f(r) is any function of L(0,b), then the eigenfunction 
expansion of f(r) (an expansion which, of course, includes adjoint func- 
tions) converges under Fourier conditions to f(r). This analysis does 
not seem to extend to the singular cases considered in this paper. 


2. If g(r) = 0, then (1.4) has solutions r4J,q,,(rvA), of which 
rJ,.,(rva) is L7(0,6). If we then write (1.4) in the form 


dty {, Ul+1)), _ 
drat ae = ry, 
we see that it is formally equivalent to the integral equation 
y(r, A) = rJ.4(rvA)+42(—1)"' x 
x J {pag vA)T_q_4 (tA) — Jpg (NA) 4 (rvA)jrtttg(t)y(t, a) dt. 
; (2.1) 


Our first objective is to prove that, for 0 <r < b, and all |A| suffi- 
ciently large, the solution of (1.4) that is L*(0,b) is, apart from a 
multiplicative constant, 


tJ, .4(rvA)+-0(A-te'™""), (2.1a) 


where 0(1) denotes a term small where |A| is large, uniformly for r in 
[0,6], and where x = VA = o+ir. We do this by investigating (2.1). 


_ (mani (<A), 
~UpAlrtetie (rr > |A-4). 
Then \rtJi44(rVA)| < Aw(r, A) 


Let w(r, A) 
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for all r, A, where A denotes various positive constants. Let 


x YA 


o<r<b w(r,A) 


Then, if r < |A|-+, (2.1) gives 


M<4+aMt { (i) "x Pee + iat) ae = A+AMo(1) (2.1b) 
¢ r,A 


since t\q(t)| dt exists, the o(1) term denoting a quantity which tends 
0 


to zero as |A| > 00. Also, if r > |A|-+ 


\Ai-# 
M< A+AM | tiq(t)|dt-+AM [rooted (LA) Gy £,r)\g(t)|dt, (2.2) 
° \Al-# ws 
where G(r, t,A) = |Jpyy(rvA)I_q_y(tNA)—JI_q_y(rvr) J 4(tvA) |. (2.3) 
But, for |rvA| > |tvA| > 1, we have rtt#G(r, t,A) < A|A|-te'""—-. For, 
oa Jusl2) = HHP) + HP), 
J_4-4(z) = 4(—1)4{ AP? (z) — Af? ,(z)}. 


so that 
G(r, t,A) < A{|HfP,(rva)H§® ,(tva)| + | Af? (rv) Hi? (Eva) |}. 
The required estimate for G(r,t,A) follows from this by using the 


asymptotic expressions for H‘))(z), H{)(z). 
Substituting this estimate in (2.2), we obtain 


M <A+AM 0o(1)+AM|A|-4 f ig(t)| dt 

|AI-# - 

|A\-* r 
a sa tla(t)| 
= A+AM 0o(1)+AM|A| + =, dt. (2.4) 
iai-* ai 
The first of the two integrals in the last line is o(|A|*) since t-! < |A|* 
in the range of integration and 
Air? 


[ t\g(t)| dt = o(1). 
Ai-* 


The second integral is O(|A|*), by a similar type of argument. (The 
second integral will not, of course, appear if r < |A|-+.) 

It thus follows from (2.1 b) and (2.4) that, for0 <r <6, M < A if |A| 
is large enough, i.e. that |y(r,A)| < Aw(r,A). If we substitute this result 
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back in the integral in (2.1) and re-estimate this integral on the same 
lines as has just been done, we emerge with (2.1 a). 

Thus any solution of (2.1) satisfies (2.1a). That there is one (and 
just one) solution of (2.1) can be proved by the usual iteration process, 
of which the work above is effectively the first step. Then (2.1) can 
be differentiated back to show that the solution is a solution of (1.4). 

We have thus found a solution of (1.4) that is £7(0,6). If we denote 
this solution by ¢(r,A), then any other solution apart from a constant 
multiple of 4(r,A) is given by a constant multiple of 


dt 
Wr.) = 80) | Beye 
and knowing now the behaviour of ¢(r,A) near r = 0, we can readily 
verify that (r, A) is not L*(0,6). The L*(0, 6) solution is therefore (apart 
from a multiplicative constant) unique. 
We remark finally that, since A~¥-*rtJ,,,(rvA) is an integral function 
of A, the process of solving (2.1) by iteration shows that A--*¢(r, A) is 


also an integral function of A. 


3. We now consider the solution y(r,A) which satisfies (1.4) and the 
boundary conditions 
x(b,A) = sinB, x'(b,A) = —cosf. 


As in (1) [Ch. I] x(r,A) is an integral function of A. 

The Wronskian of ¢, x is independent of r and so may be written as 
w(A), and A-#-tw(A) will be an integral function of A. 

Further, the vanishing of w(A) is a necessary and sufficient condition 
for ¢, x to be multiples the one of the other, i.e. for A to be an eigen- 
value. 

For large values of |A|, 


w(A) = $(b, A)x’(b,A)—$'(b, A)x (5, A) 
Pig pr-i(=)*cos(bvA—Hm— 4) + 
+-sin pxi(=)#sin(oVA— Bnd). (3.1) 
(The asymptotic behaviour of ¢’(r, A) is obtained by differentiating (2.1) 


with respect to r and proceeding as before.) Hence, for large values of 
\A|, the zeros of w(A) must be near the zeros of sin(bvA—4/1—4m), which 
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are, of course, independent of g(r). Further, for large |A|, the zeros of 
w(A) are simple. This is best seen by writing 





1 w(u)d 
w'() = ae ie 
4 


where C is a circle with centre A, and by using the asymptotic expression 
(3.1) for w(A) to give an asymptotic expression for w’(A). It is then clear 
that values of A near the zeros of sin(bvA—4/lz—4n) do not satisfy 
w’(A) = 0. 

We now construct the function ®(r,A), where 








r b 

(7,a) =X) [ga nypnars 2% [ yt, ayseae, 
w(A) ; w(A) . 

and f(t) is any function which is L*(0,6). This is a meromorphic func- 

tion of A, having poles at the zeros of w(A). It will be our object in the 

next section to show that, if f(¢) is such that all the residues of ®(r, A) 

at its poles vanish, then f(t) = 0 almost everywhere. 


4. If all the residues vanish, ®(r,A) becomes an integral function 
of A. Let us suppose that we can prove (as we shall do) that we can 
find a sequence of circles |A| = R,, with R, > oo, such that O(r, A) is 
bounded on the circles, with the bound possibly dependent on r, but 
independent of n. Then, by Liouville’s theorem, ®(r, A) is a constant, 
independent of A. 

Suppose then that O(r,A) = g(r). It follows by differentiation that 


ag +[r—an— “1, = f(r), 





dr e 
with the result holding at least almost everywhere. By varying A, we 
have g(r) = 0, and hence f(r) = 0 almost everywhere. 

It remains to prove the boundedness of ®(r,A), with r fixed, but 
|A| > 00, on the circles |A| = R,. Since we are concerned only with 
results ‘almost everywhere’, we may exclude r = 0. The differential 
equation is thus non-singular in the interval [r, 5], and we can appeal to 
(1) [equation (1.7.8)] to get an asymptotic form of x(r, A) for sufficiently 
large |A|. In fact, we have 


Ix(r,A)| < Ae@—, (4.1) 


where A denotes various positive constants independent of A. From 
§ 2 we have, again for fixed r and sufficiently large |A|, 


\P(r,A)| < Aw(r, A). (4.2) 
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Finally, if we choose the sequence { R,,} to be such that 
bVR,—4la—4n = (n+4)a 


we see that sin(bvA—43la—4m) > Ae?! 
on each of the circles |A! = R,,, and so, on those circles, for n sufficiently 
large, we have from (3.1) that 

w(A)| > A Alte?! (4.3) 


If we now substitute (4.1), (4.2), (4.3) in the definition of ®(r,A), and 
use Schwarz’s inequality to estimate the integrals, we see readily that, 
on the circles |A| = R,,, ®(r,A) is bounded witl. bound independent of n. 


5. From this, we can deduce the completeness of the eigenfunctions 
and adjoint functions. Before we do this, however, we must examine 
the nature of these eigenfunctions and adjoint functions. In the real 
self-adjoint case, it is well known that the zeros of w(A) are real and 
simple, and, if A,, is such a zero, y(r,A,,) is a multiple of ¢(r,A,,), so that 
we may write x(r,A,,) = k,, d(r,A,). Then, near A = A,, the singular 


part of ®(r, A) is 
b 
k,¢ r, X,,) "ey | p(t . An) 
0 


Hence the residue at A == A,, is 
° b 
“afte [te Aad f (ae 
w'(A,) 
0 


and this vanishes for all r if and only if the Fourier coefficient of f(t) 
with respect to the eigenfunction ¢(t, ,,) vanishes. 

This argument remains valid even in the non-self-adjoint case pro- 
vided that A,, is a simple zero of w(A). However, there is no longer any 
guarantee that the eigenvalues of w(A) will be simple, and counter- 
examples are easily provided. 

Suppose now that A,, is a zero of order p of w(A). Then, at A = A,, 
@(r, A) has a residue of the form 








p-1 4 
A, | Fa r,A)ply,A H f(y)dy+ 


8s=0 F 


+| lan? (r.Axt A} | funds), (5.1) 
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where the A,(A,,) are constants depending on the derivatives of w(A) at 
A = X,, and whose precise value will not concern us. 
Now w(A) can be written in the form 


807, 2) Z 6xlr N/A), 


and we know that w(A,,) = w’(A,,) = 0. Hence 


(sal gextr anise a] a oe 


and interchange of the order of differentiation gives that 
d 
[atx 0/8crad| 
is independent of r. 
If we repeat this process with higher differentiations with respect to 
A, we obtain finally that 


[sretxtr ANotr ] 


is independent of r for s = 0, 1,..., p—1. This implies that, for these 
values of s, 


[ape xr ADB AD] = [Eder ANLxtr 0/80 ADK} 


= [Fete Lxtv. n/t, 0}, 03] 





= [Fenway] 


so that (5.1) can be expressed as a linear combination of the p functions 
[d*{h(r, A)}/dA®],_),, the coefficients being homogeneous linear combina- 
tions of the » expressions 


j Fat (y, »| ss fly)dy, 


or, what is the same thing, homogeneous linear combinations of the 
p expressions 


{ Laer] Sorday. 
0 


For the residue to vanish it is therefore sufficient that all the Fourier 
coefficients of f(t) with respect to the p functions [d*{¢(t, A)}/dA*],-,, 
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should vanish. Hence, if all the Fourier coefficients of f(t) vanish at all 
zeros of w(A), then all the residues of ®(r,A) vanish, and so, as already 
proved, f(t) = 0 almost everywhere. This shows, by application of a 
standard theorem, that the system of eigenfunctions and adjoint func- 
tions, where the adjoint functions are 


ds 
eH] @ = LD), 


is complete. 

The question does arise whether the adjoint functions are indeed 
necessary for completeness, or whether on the contrary they themselves 
can be expressed as linear combinations of the eigenfunctions, and so 
be eliminated from the expansion of an arbitrary function. It is a 
standard theorem in the theory of orthogonal functions that all the 
eigenfunctions and adjoint functions are necessary if they form an 
orthonormal set, and we shall prove that they are substantially ortho- 
normal in § 6. What we shall actually prove (and it is clear that this 
will be sufficient) is 

(i) that all the eigenfunctions and adjoint functions associated with 
an eigenvalue A,, are orthogonal to all the eigenfunctions and adjoint 
functions associated with an eigenvalue A,,, where n 4 m; 

(ii) that the eigenfunctions and adjoint functions associated with an 
eigenvalue A, of multiplicity p can be expressed by a non-singular 
transformation as linear combinations of p orthonormal functions. 

It should be remarked that the number of multiple eigenvalues is at 
most finite, and so the number of adjoint functions is at most finite. 
For we remarked in § 3 that, for |A| sufficiently large, the zeros of w(A) 
are simple. 

Finally, it is worth mentioning that, formally, the adjoint functions 
satisfy differential equations related to the original differential equation 
(1.4). For, differentiating (1.4) with respect to A, we have 


a? (ddr, A) —_ (ry CED \adlr,A) 
7 jr A—q(r) 7 | — P(r, A), 





so that d¢(r,A)/dA satisfies the equation 
11))2 
ul ~| y = 0. 


2 





(Oe 
lant" q(r) 
Similarly d*¢(r, A)/dA* satisfies the equation 


2 8+1 
[+a EDI = 0 
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This ties up with the way in which the adjoint functions appear in the 
general operator approach (9). 


6. The required orthonormality results are obtained in four stages. 

(I) We discuss the boundary conditions on the adjoint functions at 
r= 0, b. 

(II) We prove the result (i) of § 5. 

(III) We prove that, if A,, is an eigenvalue of multiplicity p and 

ee ee 

then ¢; is orthogonal to ¢, if i+-j < p—2, but ¢, is not orthogonal to 
¢; if i+j = p—l. 

(IV) We prove finally that there is a non-singular transformation 
from the eigenfunctions and adjoint functions ¢; to an orthonormal set. 


(I) If w(A) has a zero of order p at A = A,, then 
w(A) = —cos Bd(b, A)—sin Bd’(b,A) = 0 atA=A,, 


ie = —c08 pA”) sins | a0 atd= dy 


d?-14(b ; P-l g(r, 

oe — sing |S | =90 atrA=A,. 
Consequently, ¢o, $),.--, 6); all satisfy the same homogeneous boundary 
condition at r = b, while at r = 0, since the boundary conditions on 
¢(r, A) are independent of A, 


w?-)(A) = —cosB 


aie — dd, i is dd,_1 
hata, sees a Sethe “Se 


(II) Suppose that w(A) has a zero of order p at A = A,, and of order s 
at A = X,,. Let us put 


* h= eae (k = 0,1,2,...). 





dd 
We shall prove ¢,, 4; orthogonal by induction, where i = 0, 1, ..., p—1; 
j = 0, 1,..., —1. 

We shall assume the orthogonality when i+j = q, and prove it 
when i+j =q+1. (The proof of the result when g = 0, which is 
necessary to complete the induction proof, goes through as in the real 
case.) 

Differentiating (1.4) ¢ times with respect to A and putting A = A,, 


we have d*$, bet ibe at: 


dr? P 
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and similarly 


dp; 
dr? 


i+-1 : 
mat mm q(r)— ( + yt = 0. 





We multiply the first equation by ¥,, the second by ¢,, subtract and 
integrate. Using the boundary conditions obtained in (I), we have 


b b 


b 
(A, —Am) | bj py; dr+1 | $14; dr—j | Pi Pia dr = 0, 
0 0 0 


so that, by the induction hypothesis, 


b 


| dip, dr = 0. 


(IIT) An induction proof also gives the orthogonality of ¢; to ¢; 
(i+j <p—2). We assume for i < q that ¢; is orthogonal to all ¢; such 
that i+7 < p—2, and then prove this true for i = q+1. Finally, we 
prove it for i = 0. For writing down the differential equations for 
$5.1, $g1, We obtain by the usual process that 


b 
1) | $5 q+1 ar —(q+1) Pj11 bq d : = 0, 
0 


whence, by the induction hypothesis, 


b 
[ $ibqu1 dr = 0. 
0 
The result is proved for i = 0 by carrying through the above argument 
with q+1 = 0. 
We can further prove that 


b 


| $;$;dr #0 


0 


ifi+j = p—l. For w(A,) ~ 0, and so 
d d 
| 0°35 dy —y =a] x 0. 
b 


Hence writing down the equations for ¢,, ¢,, we obtain by the usual 
process 


6 
| tobpadr #0. 


0 
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Then, with ¢,, ¢,-,, we have 


(p—1) f $1 by-2 dr— f do bp-1 dr = 0, 


b 
so that | $1 >p-2 dr # 0. 
0 


This can be continued to give the required result. 
(IV) Let us make the transformation 


6 = Cg, 


where @ is the column vector [¢,] and C is a pxp matrix whose 
elements may be complex but are independent of r and i. Then, if 
6 = [4,], [6,0;] = 60’ = Cepe’C’ = C[¢,¢,]C’, and so 


[fee ar| = o[ f deter] 


b 
Now the matrix [ | $; >; dr| is non-singular, for from (III) each element 
0 


above the top-right to bottom-left diagonal is zero, and each element on 
the diagonal is non-zero. Hence it is possible to find a matrix C such 
that 


o[ f 4b ar] iat 


where J is the unit matrix, and this gives the required transformation 
to an orthonormal set. 
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EQUATIONS OF THE FORM (f(z) = gy) 
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1. In this note we obtain some general conditions which will ensure 
that an equation of the form f(x) = g(y), where f, g are given poly- 
nomials with integral coefficients, has at most a finite number of 
integral solutions. We apply the result to the particular case 
f(x) = arpart+...ta, gly) =y™ty™ +... +y, (1) 

which was the subject of a recent note by Makowski and Schinzel.+ 

A theoretically complete answer to the question whether a Diophan- 
tine equation f(x,y) = 0 has infinitely many integral solutions or not 
was given by the work of Siegel.t Provided that f(x,y) is irreducible 
over the complex number field, there are infinitely many solutions if 
and only if there is a rational parametric solution of a special form; 
and in particular there are at most finitely many solutions if the genus 
is positive. The requirement of irreducibility results from the fact that 
the notion of genus, which plays an important part in Siegel’s work, 
applies only to irreducible equations.§ 

Thus the first question to decide is whether f(x)—g(y) is irreducible 
over the complex field, and it seems to us that this question is of 
interest in itself. There is one obvious case of reducibility, namely when 


f(x) = F(fi(z)), gly) = F(gily)), (2) 
where F, f;, g, are arbitrary polynomials, subject to deg F > 1. We 
have found a further case, namely 

f(z) = cF{filz)), — gly) = —eF, (gy). (3) 


/ 


where ¢ is a constant, f,, g, are arbitrary polynomials, and Ff, is the 
special polynomial defined by 


2F,(2) = @+V(2?—1)}§+ —V(e— 1}, (4) 
k being an even positive integer. [If k were odd, we should have 


+ ‘Sur l’équation indéterminée de M. Goormaghtigh’, Mathesis 68 (1959) 128- 
42. 

t For a brief account and references, see Skolem, Diophantische Gleichungen 
(Ergebnisse der Math. v. 4) 102-4. 

§ Irreducibility is not needed if one can prove directly that an equation does 
not admit a rational parametric solution of the special form, but this does not 
seem to be easy for the equations under consideration. 


Quart. J. Math. Oxford (2), 12 (1961), 304-12. 
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—F,(9,(y)) = F,.{—g,(y)), and (3) would be an instance of (2).] To 
obtain the factorization, we note that 


F,(cosh @) = cosh ké. 
Hence, if w = cosha and v = cosh, we have 
F.(u)+F,(v) = cosh ka+-cosh kp. 


This vanishes if « = 8-+rmi/k, where r is an odd integer, and therefore 


cosh «a—cosh cos 7 —isinh B sin su 
is a factor. Taking conjugate complex factors together, we find that 
k-1 
Fi(u)+H(v) = o| (ut—2ue cos 7 + usin? 7, (5) 
r=1 
rodd 


where C is a constant. So F,( f;(x))+Fi(g:(y)) factorizes if k > 2. 

We can suppose not only that k is even but that k is a power of 2; 
for, if k = 2%, where t > 1 is odd, we have F,(u) = H(U), where 
U = F,u). Since —F(U) = F(—U), we have again an instance of (2). 

When k is a power of 2, the polynomials f(x), g(y) in (3) cannot in 
general be expressed in the form (2). For suppose that 


Fi{ fi(x)) = F(f2()), F,(91(y)) = —F(92(y)). 
If this holds identically in f,(x) it will hold for f,(z) = x, whence 
Fy(x) = F(fs(x)),  — Fae(x) = —F(g5(2)). 
Hence f,(u)—g,(v) divides (5), and therefore the highest coefficients in 
fs(%), 93(v) must have a real ratio. As the degree of F is a power of 2 
(greater than 1), the two identities last stated contradict one another 
on making x > 00. 

It may be observed that it suffices to take k = 4 in (3), since 
Fy.+.(u) = F,(U) in the notation used above. It follows that (3) can be 
written as 

f(z) = 8X4—8X?+1, gly) = —8Y4+8Y?—1, 
where X, Y are polynomials in z, y respectively, and the factorization is 
f(x)—gly) = 2(2X24 2v2XY + 2Y¥2—1}{2X2—2v2XV + 2¥2— 1}, 

We have not been able to settle the question whether f(x)—g(y) can 
be reducible in any cases other than those in (2) and (3). We give a 
simple condition which will ensure irreducibility, and it so happens 
that this condition also ensures positive genus, except in two particular 


cases. 
3695 .2.12 x 
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Let f(x) be of degree n > 1 and g(y) of degree m > 1. Let 
D(A) = dise( f(x)+-A), E(A) = dise(g(y)+A); (6) 
these are polynomials in A of degrees n—1, m—1 respectively. 





THEOREM 1. Suppose there are at least [4n] distinct roots of D(A) = 0 
for which E(A) # 0. Then f(x)—g(y) is irreducible over the complex field. 
Further, the genus of the equation f(x)—g(y) = 0 is strictly positive except 
possibly when m = 20rm = n = 3. Apart from these possible exceptions, 
the equation has at most a finite number of integral solutions. 

In § 4 we apply this to the special equation with f, g as in (1) and 
prove (Theorem 2) that there are at most finitely many solutions if 
m>il,sx>1,m <n. 

In § 5 we discuss two cases in which Runge’s method is applicable to 
this special equation, namely when (m,n) > 1 or when n = m+1. 
This method allows one, in any particular case, to calculate an upper 
bound for any possible solution. 

2. Lemma 1. Suppose that 


f(x)—gly) = (x, y)(2, y) (7) 
identically, where >, % are non-constant polynomials with reai or complex 
coefficients. Suppose D(A,) = 0, E(A,) # 0, and let x, satisfy 


f(a) +A, = 9, f'(%) = 0. (8) 
Then x—x, divides identically both ¢'(x, y) and yp’ (x, y), where 
gd’ = d¢/éx, ob’ = op/dx. 


Proof. The existence of x, satisfying (8) follows from D(A,) = 0. 
Since E(A,) + 0, there are m distinct values of y satisfying g(y)+-A, = 0. 


cae —g(y)—>y = fly) —9y) = $e yey 9), 
each of thesé¢ m values of y must satisfy either 
$(%p,y)=9 or (x,y) = 0. 


By the identity (7), the highest terms in y in ¢(z,y) and ¢(z,y) do 
not involve x. Let 


deg, d(x, y) = 8, deg, (x, y) = m—s. 


Then s of the m values of y mentioned above constitute the roots of 
¢(2,, y) = 0 and the remaining m—s constitute the roots of (7, y) = 0. 
Differentiating (7) partially with respect to x and putting 7 = 2, 


we obtain (2:3, Yy eb’ (xy, Y) +-yh(xy, y)b' (x35 Y) =0 
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identically in y. It follows that the s distinct values of y mentioned 


above satisfy $(2,y) = 0, $'(2,y) = 0, 
and the remaining m—s satisfy the corresponding equations with % 
for ¢. 


Since the highest term in y in d(x, y) does not involve z, we have 
deg, ¢’(x,y) <s—1. 
Since ¢'(x,,y) vanishes for s distinct values of y, it must vanish 
identically. Hence x—z, divides ¢'(x,y) identically, and similarly 
divides y’(x, y) identically. 


Lemma 2. Under the hypotheses of Theorem 1, f(x)—g(y) is irreducible 
over the complex field. 


Proof. Let 2,,..., A,, where h > [4n], be distinct roots of D(A) = 0 
for which H(A) ~ 0, and let 2,,..., 2, be determined as in (8). Then 
2y,---, % are distinct since f(x;) = —A,;. By Lemma 1, if (7) holds, then 
¢'(x, y) is divisible identically by (x—z,)...(z—z,). 

Let r = deg, d(x, y); actually r/s = n/m, but we do not need this fact. 
By interchanging ¢, % if necessary we can suppose that r < [$n]. We 


now have a contradiction, since 
deg,.¢’(z,y) <r—1, 


so that ¢’(#, y) cannot haye a factor of degree h >[4n] >rin zx. This 


proves the result. 
It may be remarked that, if the hypothesis of Theorem 1 were relaxed, 


the irreducibility of f(x)—g(y) might fail. For, if 
f(z) = #(a*—-1)?, gy) = y’, 
where k is odd, it is easily seen that D(A) = 0 has k roots 
A = —k*(k+1)-?-2* 
other than A = 0; thus there are [4n]—1 distinct roots of D(A) = 0 
which are not roots of H(A) = 0, but f(x)—g(y) is reducible. 


Lemma 3. Under the hypotheses of Theorem 1, the genus of the equation 
f(x)—gly) = 0 is positive, except possibly if m = 2 orn = m = 3. 


Proof. We consider the equation as defining z as an algebraic func- 
tion of y. In the neighbourhood of each point y in the complex plane 
for which there is a multiple solution in 2 (i.e. each branch point), the 
values of x fall into cycles, those in each cycle undergoing a cyclic 
permutation as y goes round the point. There may also be cycles in 
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the neighbourhood of y = 00, found by putting y = 1/y’. The genus g 
is given byt = 4 (r—1)—n41, (9) 
where the summation is over all cycles, and r is the number of values 
of x in a particular cycle. If we omit any cycles from the sum, we obtain 
a lower bound for g. 

The finite branch points are given by g(y) = —A, where D(A) = 0. 
We consider only those roots ),,..., A, (h > [4n]) for which E(A;) 4 0, 
To each A, there correspond m distinct branch points y/,..., yi?, and 
all these mh branch points are distinct. At each of these there is at 
least one cycle with r > 2. The contribution of these branch points 
to 4 > (r—1) is at least 4m[4n]. 

To investigate the point at infinity, we put y = l/y’ and x = 1/2’. 
The equation becomes 

y'folx')—a'"goly’) = 9, 
where fy, Jo are polynomials with f,(0) 4 0, g,(0) + 0. The values of 
x’ near y’ = 0 are given by power series in y’!™, where n, = n/(m,n). 
These values fall into (m,n) cycles, each containing n/(m,n) values. 
Thus the contribution to 4 > (r—1) is }(n—(m,n)). 

Finally, 

g > $m[$n]+3(n—(n, m))—n+1 = $m[4n]—4n—}(n,m)+1. 
Plainly g > 0 if m > 6 and n > 1, and a simple enumeration of cases, 
shows that g > 0 when m > 2 and n > 1, except when m = n = 3. 

We add the remark that the two exceptional cases m = 2 and 
m =n = 3 are genuine. First, if 

f(z) = a(a*—1), gly) = 9’, (10) 
we find that the equation D(A) = 0 has k = [4m] roots other than 0, 
namely those given by 

(—A)F = (2h)%(2k4-1)-2-1, 

Thus the hypothesis is satisfied, but the genus is 0. Secondly, if 

f(z) =2(2+1), gy)=y', (11) 
then D(A) = 0 has one root A = —4/27 other than 0, and again the 
hypothesis is satisfied but g = 0. 

Theorem 1 follows from Lemmas 2, 3 and the work of Siegel. 

3. We have supposed in Theorem 1, for simplicity, that there are 
at least [4n] distinct roots of D(A) = 0 for which H(A) 4 0. But the 


t G. A. Bliss, Algebraic functions (A.M.S. Colloquium Publications 16, 1933) 
Theorem 31.6. 
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conclusions still hold if the number of roots of D(A) = 0 which are not 
roots of H(A) = 0, counted with their multiplicities, is at least [$n]. We 
indicate briefly the necessary modifications to the proof. 

Suppose A, a root of D(A) = 0 of multiplicity e,. Let x”, 2!?),... be 
the solutions of (8), and let their multiplicities as solutions of f’(x) = 0 
be e{, e\”,..., so that their multiplicities as solutions of f(z)+A, = 0 are 


e+4+1, e+41,.... Since 


Da) =C TT (f+, 


S'(x)=0 
where C is a numerical constant, we have e, = e{+e+.... By aslight 
modification of the proof of Lemma 1, using higher partial derivatives, 
we find that ¢'(x, y) is divisible identically by 
(e— ae) — ae)”. 
i.e. by a polynomial in x of degree e,. Combining the results for the 
various values of A we get a contradiction as in the proof of Lemma 2. 
In the proof of Lemma 3, we find that in the present more general 
situation, at each of the m branch points y; corresponding to A,, there 
are cycles of e{ +1 values, of e{?)+ 1 values, and so on. Thus the contri- 
bution of the finite branch points to the formula for g is still > }m[4n]. 
4. We now apply Theorem 1 to the particular case (1), and suppose 
thatn >m> 1. 
Lemma 4. The discriminant D,(A) of f(x)-+-A, where f(x) is defined in 
(1), is given (apart from a numerical factor) by 
(A—1)"+1-Le, A” (n+1)"+1 
D(A) = 2., = —————., 12 
.( ) (A-+-n)? n n” ( ) 
The equation D,(A) = 0 has distinct roots. 
Proof. Suppose that the equations f(x)+A = 0, f’(xz) = 0 have a 
common solution. Then 





a"+1+(A—1l)x—A = 0, (n+1)a"+A—1 = 0. (13) 

These imply n(A—1)a—(n+1)A = 0, (14) 
and on substituting in (13), we get 

(A—1)"14¢, A" = 0. (15) 


Now (A+n)? is a factor of the left-hand side, but for A = —n the 
equations do not have a common solution since (14) gives x = 1 and 


f’(1) = n+(n—1)+...41 ¥ 0. 
Hence, if D,(A) is defined by (12), the condition D,(A) = 0 is necessary 
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for a common solution. It is also sufficient, the common solution being 
given by (14). 

The roots of D,(A) = 0 are distinct since (15) and its derivative imply 
A = —n, and A = —n does not satisfy D,(A) = 0. Since D,(A) is of the 
correct degree n—1 and has no repeated factor, it is the discriminant 
of f(x)-+-A, except for a numerical factor. 

THEOREM 2. Jf n>m-> 1 and f(x), g(y) are defined by (1), the 
equation f(x) = g(y) has at most a finite number of integral solutions. 

Proof. We prove that the hypothesis of Theorem 1 is satisfied. 
A common root of D,(A) = 0 and D,(A) = 0 satisfies 

(A—1)"4#46,d4" = 0,  (A—1)™41+¢,,A" = 0, 
whence Cm(A—1)"-™—c,, A"-™ = 0. 
Hence the number of common roots is at most n—m. I[t is also at most 
m—1, since this is the degree of D,,(A), and so it is 
< min(n—m,m—1) < n—1—[4n]. 

Thus the number of roots of D,(A) for which D,,(A) ~ 0 is at least [4n]. 

The desired conclusion now follows from Theorem 1, except possibly 
when m = 2. The equation is now 


yrty = a"+a"-14...42, 
i.e. (y+4)? = 2®+2"-14+...4-2+}, 


where n > 2. This has genus g if n = 2g+1 or 2g+-2, provided that 
the right-hand side has no repeated factor. This is so if D,(}) 4 0: 


that is, if (—3)"4n+(h)"(n+ 1)" + 0, 
which is obviously true for n > 2. 


5. Runge’s method, when applicable, enables one in principle to give 
an upper bound for the size of any solution of f(x,y) = 0, and so to 
enumerate the solutions in any numerical case.t Assuming f(z, y) irre- 
ducible over the rational field, the method is applicable except when 

(i) the highest terms in x and y occur separately as az”, by”; 
(ii) each branch of the algebraic function y of x defined by f = 0 
tends to infinity with x and is of order 2”; 

(iii) every term 2*y® in f has am+fn < mn, and the sum of the 

terms with am+fn = mn is expressible as 
C(a™— 6, y™)...(2™—O, y™), (16) 
where k = n/n, = m/m,, and [J (X—6,Y) is a power of a rationally 


+ For an account and references, see Skolem, loc. cit. 89-91. 
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irreducible polynomial (possibly the first power), and at least one 6; 
is real. 
The method is not applicable to the equation 


a tartt tae = yy t+.+y (n>m> 1) (17) 
as it stands, unless (n,m) = d > 1. In the latter case, (16) becomes 


i (a—Lly™), 


where ¢ runs through the dth roots of unity and n, = n/d, m, = m/d. 
The polynomial [J (X—CY) is not a power of a rationally irreducible 
polynomial since it has the factor X —Y, and so the method is applicable. 
If n = m-+1, we can make a preliminary transformation, after which 
Runge’s method is applicable in a slightly modified form. We can write 
the equation as 
amd = (y—a){1+(e+y) +... + (a+... y")}. (18) 
Since the two factors on the right are relatively prime, we have 
y—x = eum, 1+(a+y)+...+(a™12+...ty™-) = ev™t!, 
where « = +1, and x = uv, whence 
1+ u(2v+eu™)+... + u™-H{(v+ ew™)™-1 +... o™-H—evpm+! = 0. (19) 
The highest term in v is —ev™+! and in w is e"—1w™+"-D, and the 
sum of the terms considered in (iii) above is simply 


em —Ly(m+im —])__ evm +1, 


We do not know that the left-hand side of (19), say Q(u, v), is rationally 
irreducible, so we put 
Ou, v) —_ Q,(u, We Q,(u, v), 
where the polynomials on the right are rationally irreducible. The 
product of the highest isobaric parts of the Q,, giving wu the weight 1 
and v the weight m—1, is 
R,(u, v)... Ru, v) = tym +Dim—-D — eymt1 


= em-l II (u™-1— fv), 
where ¢ runs through the (m+ 1)th roots of e”. 

Those equations Q,(u,v) = 0 for which R,(u,v) contains only factors 
with complex { are amenabie to Runge’s method. If R, is divisible by 
one or both of w™-!+v, then R; is rationally reducible unless 

R,; = w™ "40. 
In this case Q; is linear in v, say 
Q;(u, v) = P(u)—v, 
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where P(u) is a polynomial in vw. But then (18) has the parametric 
solution x= uP(u), y = uP(u)+eu™*!, 


contrary to the fact that (18) has been proved to have positive genus. 
Hence Runge’s method is applicable to each of the equations 


Q;(u, v) = 0. 
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INTERSECTION THEOREMS FOR SYSTEMS 
OF FINITE SETS 


By P. ERDOS, CHAO KO (Szechuan), and R. RADO (Reading) 
[Received 13 August 1961] 


1. Introduction 

E. SPERNER (1) has proved that every system of subsets a, of a set of 
finite cardinal m, such thata, ¢ a, for » # v contains at most (™) elements, 

p 

where p = {4m}. This note concerns analogues of this result. We shall 
impose an upper limitation on the cardinals of the a, and a lower 
limitation on the cardinals of the intersection of any two sets a,, and 
we shall deduce upper estimates, in many cases best-possible, for the 
number of elements of such a system of sets a,. 


2. Notation 
The letters a, 6, c, d, x, y, z denote finite sets of non-negative integers, 
all other lower-case letters denote non-negative integers. If k < 1, then 
[k, 1) denotes the set 
{k,k+1,k+2,....l—l} = {tik <t < J}. 
The obliteration operator * serves to remove from any system of elements 
the element above which it*is placed. Thus [k,l) = {k,k+1,,...,}}. The 
cardinal of a is \a|; inclusion (in the wide sense), union, difference, and 
intersection of sets are denoted by ac b, a+b, a—b, ab respectively, and 
a—b = a—ab for all a, b. 
By S(k,l,m) we denote the set of all systems (ap, a,,...,4,) such that 
a, c[0,m); |a,| <1 (v <n), 
a, ¢a,¢a,; |a,a,|>k (u<v <n). 


3. Results 


TuoreM 1. If 1 <1 < 4m; (dy...,4,) € S(1,1,_m), thenn < an: 


If, in addition, |a,| <1 for some v, then n < ee 


THEOREM 2. Let k <1 <m, n > 2, (dp,...,4,) € S(k, l,m). Suppose 


that either 21 < k+m, la,|J=t (v<n) (1) 


ort 21 < 1+m, lja,|}<l (v<n). (2) 
t The condition |a,| <1 is in fact implied by (dp,..., 6,) € S(k, l, m). 


Quart. J. Math. Oxford (2), 12 (1961), 313-20. 
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Then (a) either (i) 
la,..4,|>k n< fs? 


l—k 
7 m—k—1\(1l\8 
| ; 
or (ii) |ao---4,| <k<i<m, ns (ae \(.) 
3 — 


Remark. Obviously, if |a,| = 1 for v <n, then the upper estimates 
for n in Theorem 1 and in Theorem 2 (a) (i) and (6) are best-possible. 
For, if k <1 < mand if ap,..., d,, are the distinct sets a such that 


[0,k) cac[0,m), la| = 1, 
then (a;-.-» 4) € S(k, l,m), att (cay 


4. The following lemma is due to Sperner (1). We give the proof 
since it is extremely short. 


Lemma. If 
N = l, a, Cc [0, m), la,| = ly (v < Ny); 
then there are at least ny(m—l,)(1y)+-1)-1 sets b such that, for some v, 
v<m, a,cbc[0,m), |b| =1,+1. (3) 


Proof. Let n, be the number of sets b defined above. Then, by 
counting in two different ways the number of pairs (v, 5) satisfying (3), 
we obtain n.(m—l,)) < n,(/)+1), which proves the lemma. 


5. Proof of Theorem 1 

Case 1. Let ja,| =1(v <n). Wehavem > 2. If m = 2, thenl = 1; 
m—1 
I—1 
for fixed 1, m, n, the a, in such a way that the hypothesis holds and, 
in addition, the number 


f(do,---54,) = 8g +... +8, 


is minimal, where s, is the sum of the elements of a,. Put A = {a,:v <n}. 
If 2/ = m, then [0,m)—a, ¢ A and, hence 


“<iQ)-() 


nmn=l1le< ( ) Now let m > 3 and use induction over m. Choose, 


Now let 21 < m. 
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Case 1a. Suppose that whenever 
m—leaeA, Ae[0,m)— 


then a—{m—1}+fA}e A. 
We may assume that, for some m) < n, 

m—lea, (v< MQ), m—l¢éa, (mM <v <n). 
Put b, = a,—{m—1}  (v < mp). 


Let p <v<m,. Then 
|a,+a,| < 2l<™m, 


and there is A €[0,m)—a,—a,. 
Then 6,+{A}eE A, bb, = (b, +{A})b, = (6, +Ar})a, # 9 


and therefore 
I—1 >1, (bo,---,,,) € S(1, l—1, m—1). 


Since 2(J—1) < m—2 < m—1 we obtain, by the induction hypothesis, 
m—2 — : 
My < ( } Similarly, since 


12 
(Gings---»4,) € S(1,l,m—1), 2<m—1, 


no 


m— 2 
we have n—m < 13) Thus 


nanos fH(9)-(t3) 
Case 1b. Suppose that there are a € A, A €[0,m)—a such that 
m—lea, a—{m—1}+{A} ¢ A. 
Then A << m—1. We may assume that 
m—lea, A¢a,, b,=a,—{m—H+ AEA (v <M), 
m—lea,, A¢a,, c,=a,—{m—l]}+fAsjeA (m Kv <n), 


m—lea,, AEa, (nm, <v < My), 


m—1lé€a, (mx <v <n). 
Here 1 < ny) <n, < my <n. Putb, =a, (my <v <n). We now show 
that (Dp,.--56,) € S(1, 1, m). (4) 
Let p <v <n. We have to prove that 
b, #5,, 6,6, #9. (5) 


If <v < m,0r % <p < », then (5) clearly holds. Now let p<) <v. 
Then 6, ¢A, 6,=a,¢A, and hence 6, #6,. If m <v <1, then 
c,€ A, and there is gEA, Cy. Then o 4A, o 4m—l1, and a€6,6,. 


If ny <v < Mg, then AEb,b,. If, finally, n»<v <n, then there is 
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pea,a,. Then 
pea,, p<m—l, peb,b,. 


This proves (5) and therefore (4). However, we have 

Ff (bo,-++2 bn) —F(ags---s 4n) = Mo(—[m—1]-+A) < 0, 
which contradicts the minimum property of (a,...,4,,). This shows that 
Case 16 cannot occur. 


Case 2: min(v < n) |a,| = 1, <1. 
If 1, = 1, then we have Case 1. Now let |, < / and use induction over 
l—l,. We may assume that 
lja,,;=% (v < %), la,| >1lp (m <v <n), (6) 


where 1 < ny, <n. Let by,..., 6,,, be the distinct sets b such that (3) holds 
for some v. Then 


(Ip +1)—(m—L) < 2(—1)+1—m < 0, (7) 
and hence, by the lemma, n, > m,. Also, 
(bg,+++1 bss Ungs+++2 dn) € S(1, 1, m). 
Hence, from our induction hypothesis, 
nm <m+(n—N) < a) 


3 
and Theorem 1 follows. 


6. Proof of Theorem 2 
Case 1: k = 0. Then 
21 < 1+m, la,|] <l (v<n), (do,...,4,) € S(0,1,m). 
Now (a) (ii) is impossible, and (a) (i) is identical with (6), so that all we 
have to prove is that n < (7) Again, we may assume (6), where 
l<ll<a<n. Ifl,=1 then 


la,|=1 (<n), n<(7}) 


Now let /, < 1 and use induction over /—I). Let bo,..., 6, be the distinct 
sets 6 such that (3) holds for some v. Again (7) holds and, by the lemma, 
Nn, > Np. We have 

(Dos+++s nays Engrs An) € S(O, 1, m) 
and, by our induction hypothesis, 


N <Ny+(N—Ny) < (7) 


This proves the assertion. 








aw —- as an 2 
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Case 2: k > 0. We separate this into two cases. 


Case 2a. Suppose that (1) holds. Put |a)...4,| = 7. We now show 
that, if r > k, then (i) follows. We may assume that 


y...d, = [m—r,m). 
Put af0,m—r)=c, (v<n). 
Then (Co,...,€,) € S(0,l—r, m—r), 
2(l—r)—(m—r) = 2l—r—m < 2l—k—m < 0. 
Hence, by Case 1, 
m—r m— m—k m—k 
ihe (a) ¥ Cy < C3 om ony 


so that (i) holds. We now suppose that (i) is false, and we deduce (ii). 
We have A...4,| =r <k < |aga,| < |ay| <1, 
and therefore 21 <k+m <l+m, k<l<m. 


There is a maximal number p > such that there exist p—n sets 


An,-.., 4, satisfying (dy,...,4y) € S(k, 1, m). (8) 
Put A’ = {a,: v < p}. We assert that 
(dp,..., 4) ¢ S(k-+-1, 1, m). (9) 


For otherwise |a,a,| > k(u <v <n). Letae A’. Then we can choose 
a’ c[0,m) such that 
la’|=1, = |aa’| = 1-1. 
Then, for every 6 € A’, we have 
ja’b| > |ab|-1 > k 
and hence, since p is maximal, a’c¢ A’. By repeated application of 
this result we find that 
[0, 2), [m—l, m) € A’, k< \[0, Z)[m—l, m)| —_ 1—(m—l) < k, 
which is the desired contradiction. This proves (9), and hence there 
are sets a, be A’ such that |ab| = k. Since |d»...d,| < |dy...d,| < k, 
there is ce A’ such that |abc| < k. Denote by T the set of all triples 
(x,y,z) such that xca,ycb,zce, |a| = |y| = |z] = &, |zt+y+e2| <l. 
Put d(x, y,z) = {d:4+y+zcdeA’}. Then, by (8), 


A’ = (x,y,z) € 7) $(z,y,2). 


If (x,y,z) € T and s = |x+y-+z|, then s > k since otherwise we obtain 


the contradiction 
k > |jahbe| > |ayz| = |z| = k. 
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Hence 
m—s m—8s m—k—1\ _ (m—k—1 
\P(x, y, 2)| < (7) =) <| m—lI ) = (7-1) 
1,  (m—k—1\(l\8 
which proves (ii). 

Case 2b. Suppose that (2) holds. We may assume (6), where J, < /; 
1<n, <n. If 1, =1, then Case 2a applies. Now let J, </ and use 
induction over 1—I,. Let bo,..., 5,, be the distinct sets b satisfying, for 
some v, the relations (3). Then (7) holds and hence, by the lemma, 


N, > Ny. Also, since 1, <1 < m, so that m—l, > 2, we have, by defini- 


tion of the bu» 
be...by, = Gg... |Dg---b,, Gngr-A,| = |Gg...4,| < &. 


Since (Bos-++s Bn,s Ungs+++» In) € S(k, 1, m), 


it follows from our induction hypothesis that 


m—k—1\/1\8 
nm <Ny+(N—N) < a )(.) ‘ 


It remains to prove (b) in Case 2. If k = /, then (6) is trivial. If 
3 
k<landm> k+0—R(;) , then 


m—k\ _(m—k—1 m—k m—k—1\/1l\% 
Ik} \l—k—1] l—k * \l—k—1]\k)’ 
so that (b) follows from (a). This completes the proof of Theorem 2. 


7. Concluding remarks 
(i) In Theorem 2 (6) the condition 


m> k+(—B(,) 


though certainly not best-possible, cannot be omitted. It is possible for 
(dp,...,4,) € S(k,l, m), k<l<m 


TE ) This is shown by the 


following example due to S. H. Min and kindly communicated to the 
authors. Let dp,..., d, be the distinct sets a such that 


ac[0,8),  |a|=4, — |a{0,4)| =3. 


to hold and, at the same time, n > 


Then 


n= 16, —(Ghgyeony ys) € S(2, 4, 8), Ae ae () =15 <n. 


2 
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A more general example is the following. Let r > 0 and denote by 
M»,..., 4, the distinct sets a such that 


ac[0,4r), la| = 2r, |a[0, 2r)| > r. 
Then (dp,...,4,) € S(2, 2r, 4r), 
and we have 


eB =a <a (Ht) tz0-<m (Hr) de) 


_ air 1/2r\? 
~ Qar} Ar] 


: m—k 4r—2 
In th si 
n this case ( cal i) 
and, for every large r, possibly for every r > 2, we have a <n. 


We put forward the conjecture that, for our special values of k, /, m, 
this represents a case with maximal , i.e. 


If - (dp,...,4,) € S(2, 2r, 4r), 


1/4r 1/2r\2 
the “aca ee: \ 
v bes (or) (7) 


(ii) If in the definition of S(1,1,m) in § 2, the condition a, ¢ a, ¢ a, 
is replaced by a, 4 a, and if no restriction is placed upon |a,|, then 
the problem of estimating n becomes trivial, and we have the result: 


Let m>0 and a,c[0,m) for v<n, and a, #a,, a,a, #9 for 
wp<v<n. Then n < 2™-, and there are 2"-1—n subsets a,,..., Agm-1 
of [0,m) such that a, ~Aa,,a,a, AG forp<v <2", 


To prove this we note that of two sets which are complementary in 
[0, m) at most one occurs among Qp,..., d,,, and, ifn < 2™~1, then there 
is a pair of complementary sets a, b neither of which occurs among 
Mo,-.., 4,. It follows that at least one of a, b intersects every a,, so that 
this set can be taken as a,,. 


(iii) Let 1 > 3, 21 < m, and suppose that 


a, c[0,m), ja,| = 2 for v<n, 
and 
a, #4, a,a,#9 for p<v<n, and d...4, = 9. 
We conjecture that the maximum value of n for which such sets a, 
can be found is m»), where 


m—3 m—3 
tsi a(t -2)+(7-s): 
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A system of n, sets with the required properties is obtained by taking 

all sets a such that 
ac[0,m), ja[0, 3)| > 2, la| = 1. 

(iv) The following problem may be of interest. Let k <_m. Deter- 
mine the largest number n such that there is a system ‘of n sets a, | 
satisfying the conditions 

a,#4, |a,a,|>k (u<v <n). 
If m+-k is even, then the system consisting of the a such that 
ac[0,m), |a| > $(m-+k) 
has the required properties. We suspect that this system contains the — 
maximum possible number of sets for fixed m and k such that m+-k © 
is even. 

(v) If in (ii) the condition a,a,~A@ (u <v <n) is replaced by 
a, 4,4, AG (uw <v <p <n), then the structure of the system a, is 
largely determined by the result: 

Let m>2, a,c[0,m) for v<n, a, #4, for Bun, and 
a, a, are r Rey *: Then n <2"-1, and, if n = 2m-1, 
then a a,...4, ~ @, 80 that the a, are all 2"-1 sets a c[0,m) which contain 
some fixed ide t (t << ™). 

For there is a largest p (1 < p < n) such that 


Gy Qy...4, € {A, M,..., Ay}. 
If p = n, then a...d, = a, #9 for some v <n. If p <n, then any 
two of the n+-1 distinct sets 
Bg Gy...Ay, Ag, Gy,.--, Ay 
have a non-empty intersection and hence, by (ii), n+1< 
Different proofs of (v) have been found by L. Pésa, G. Hajés, G. Pollak, 
and M. Simonovits. 


Qm-1, 
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